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Abstract In this paper, we introduce the notion of intuitionistic fuzzy bipolar
metric space and prove fixed point theorems. Our results are extension or
generalisation of results proved in the literature. The derived results are
substantiated with suitable example and an application.
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1. Introduction

Zadeh (Zadeh, 1965) initiated the idea of fuzzy sets. The rapid evolution of fuzzy is
simple to handle and makes it possible to investigate the level of uncertainty in nature
in a purely formal and mathematical approach. The concept of continuous - t norms
defined by Schweizer and Sklar (1960). Kramosil and Michalek (1975) compared and
got the results from probabilistic, statistical generalisations of metric spaces by
introducing the notion of fuzziness via continuous t- norms to the traditional notion of
metric. The one Garbiec (1988) who interpreted the fuzzy concept of Banach contraction
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Solving an integral equation via intuitionistic fuzzy bipolar metric spaces

principle in fuzzy metric spaces. a — ¢- fuzzy cone contraction results were proved
with integral equation application by S.U Rehman et al. (2021).

Only membership functions are dealt within fuzzy metric spaces. Park (2004)
established an intuitionistic fuzzy metric space which is used to distribute with both
membership and non-membership functions. The idea of an intuitionistic fuzzy b-metric
space was introduced by Konwar (2020), who also demonstrated a number of fixed
point theorems. Mutlu and Gurdal (2016), introduced the notion of bipolar metric spaces
and proved fixed point theorems. In the recent past many researchers have established
various fixed point results using various types of contractions in the setting of bipolar
metric spaces (Kishore etal., 2018; Rao et al., 2018; Kishore, Prasad, et al., 2019; Kishore,
Rao, et al,, 2019; Giirdal et al., 2020; Mutlu et al., 2020; Kishore et al., 2021; Roy & Saha,
2020; Gaba et al., 2021; Roy & Saha, 2021; Roy et al., 2022) .In 2012 Shah et al. (2012a)
developed the theme of intuitionistic fuzzy normal subgroups over a non associative
rings. Kausar and Waqar (2019) have initiated the concept of non-associative rings by
their intuitionistic fuzzy bi-ideals. Furthermore in 2019 Kausar (2019)developed non-
associative ordered semigroups by the properties of their fuzzy ideals with thresholds.
Moreover Shah et al. (2012b) introduced the notion of intuitionistic fuzzy normal
subrings over a non-associative ring.

In this paper, we introduce the notion of intuitionistic fuzzy bipolar metric space and
prove fixed point theorems.

2. Preliminaries
In this section, we provide some basic definitions.

Definition 2.1 (Park, 2004) A binary operation =*:[0,1] X [0,1] = [0,1] is called a
continuous triangle norm(CTN) if:

1. v&E=E&xv,(V)v,E €[0,1];

2. * is continuous;

3. vx1l=v,(V)v €[0,1];

4. W& rw=v*({*xw)forall v, w e [0,1];

5. If v<w and ¢ <n,with v,§{,w,n € [0,1],then v* ¢ < w * 1.

Definition 2.2 (Park, 2004) A binary operation o:[0,1] X [0,1] = [0,1] is called a
continuous triangle co-norm(CTCN) if:

1. voé =~¢ovy, forall v,§ €[0,1];

1. o is continuous;

2. veo(0=0,forall ve[01];

3. Woed)ow=vo({ow),forall v,&w € [0,1];

4, If v<w and w <n,with v,{,w,n€[0,1],then voé < won.
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Definition 2.3 (Konwar, 2020) Take 2 # @. Let * bea CTN, o bea CTCN, b > 1 and
I',Y be fuzzy sets on 2 X 0 X (0,400). If (2,I',Y,*,0) fulfilsall X,A€ 0 and ¢,¢p >
0:

1. TR AP)+YR,A9)<1;

2. I'R,A,¢9)>0;

3. TR Ap)=1oRX=4;

4. TR, A,¢)=TAR, )

5. IT'RKA4b(p+y)) =T (RA @) *T'(A,4Y);

6. TI'(X,A,) isanincreasing function of R* and lim,_,;I'(8,4,¢) = 1;
7. YR, A4,9)>0;

8. YR Ap)=0oR=4;

9. YR, A ¢)=Y(AR @)

10. Y(R,A4b(p +9Y)) YR, A, @) oY (A AYP);

11. Y (X, A,") isadecreasing function of R* and lim,_ oY (X, 4,9) =0,

Then, (2,I,Y,*,0) isan intuitionistic fuzzy b-metric space.

Definition 2.4 (Mutlu & Giirdal, 2016) Let 2 and @ benon-void setsand p:02 X 0 —
[0, +0) be a function, such that

1. o(X,A) =0 ifandonlyif X =4, forall (X,4) € 2 X 0O;
2. o(R,A) =p(R A), forall (X,A)€NnNO;
3. o(RA) <R, y)+0oRy,y)+0(Ry,A), forall XX, €0 and y,A €0.

The pair (£, 0,0) is called a bipolar metric space.

Definition 2.5 (Shah et al, 2012b) Let 1 and @ be two non-void sets. We say that
quadruple (Q, 0, T, #) fuzzy bipolar metric space if * is continuous g-norm and I' is a
fuzzy seton O x @ x (0, 00), fulfill the following conditions for all o, w, r > 0:

1. I'(R,4,¢) > 0; forall ((X,4) € Qx0O;

2. T(XKA@)=1iff X = A for X €Qand A € 6;

3. T(XA,¢)=T(4, X, ¢)foral X, A €Qn 06;

4. T(RL,n2,0+w+r1)=T (X1, A1, 0) (K2, A1, w)*M(X2, A2,r) forall R1, R2€Q

and A1, 12 € 0;

538



Solving an integral equation via intuitionistic fuzzy bipolar metric spaces
5. T((R,4,):[0,00)— [0, 1] is left continuous;
6. TI'(X,4,)isnon-decreasingforall X €Qand A € 0.
In this section, inspired by the notions of contraction mapping, and bipolar metric space,
we introduce a new concept intuitionistic fuzzy bipolar metric space and prove some
fixed-point theorems for these contraction mappings in the setting of complete
intuitionistic bipolar metric space. Also, we give some examples to illustrate our results.

Furthermore, we apply our results to show the existence and uniqueness of a solution of
the first-order ordinary differential equation.

3. Fixed point theorems on intuitionistic fuzzy bipolar metric space:

In this section, we present intuitionistic fuzzy bipolar metric space and demonstrate
some fixed-point results.
Definition 3.1 Let Q # @, © # @ betwosetsand * beaCTN, o beaCTCNand I,Y
be neutrosophic sets on Q X 0 X (0,+) is said to be a intuitionistic fuzzy bipolar
metricon QX 0,ifforall X,me€ Q, AL A€ 0 and @,S,W > 0, the following conditions
are satisfied:

1. TR AP)+Y(R,A,p)<1;

2. I'(X,A,9)>0;

3. T(R,A4,¢)=1 forall ¢ >0,ifand onlyif X = 4;

4. TR, A, ¢9)=T(AR, @)

5. TRALo+Y+D=T®R A @) *T'(w, AP)*I'(w,4,0);

6. I'(R,A,):(0,+%) — [0,1] is continuous and lim,_ I'(¥, 4, @) = 1;
7. T(X,A,) isincreasing function;

8. YR, A4,¢9)<1;

9. YR, A,¢)=0 forall ¢ > 0,ifand onlyif X = 4;

10. YR, A4,¢) =Y(AR 0);

11. YRALe+ Y+ YR A @)oY(w, A Y)Y (w,A,]);

12. Y(X,4,):(0,400) = [0,1] is continuous and limq,_)+w]f(N, A, @) =0;
13. Y (X, A4,) isdecreasing function;

14. If ¢ <0,then I'R,4,9¢) =0 and Y (R, A4,¢) =1.
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Then, (2,0,I',Y,*,0) is called a intuitionistic fuzzy bipolar metric space.

Example 3.1 Let 2 ={1,53,7} and 0 = {1,2,6,4}. Define I',Y:02 x 0 X (0, +o0) —
[0,1] as

1, if X=4
% ; ;
={—= —  if oth )
I'(R,A,9) @ + max{R, A} oomenwise
and
0, if X=4
- max{, A
Y(R,4,9) #, if otherwise.
@ + max{R, A}

Then, (2,I,Y,*,°) is an intuitionistic fuzzy bipolar metric space with CTN, v * & = v¢
and CTCN,

v o a = max{v, a}.

Proof. Here, we prove 3.1 and 3.1, others are obvious.

Let X=1,A=2, w =3 and A1 =4.Then

o+p+l P+
e+yY+{+max{l,4} @+ +{+4

r4,e+y+4=

On the other hand,

_ P 9
r(l'z'(p)_<p+max{1,2}_<p+2_<p+2'
Yy Y
res¥ = Y+ max{2,3} Y+3 P+3
and
T S
r(3'4'o_(+max{3,4}_(+4_(+4'
Therefore,
pry+¢ e ¥ ¢
ep+Y+{+3 @+2 P+3+4
Hence,
TR,ALo+yYy+=2TR,A9)«T' A w,P)*T'(w, A7), Y 9,9, 7> 0.
Now,

max{1,4} _ 4
o+Y+{+max{1,4} @+yP+{+4

Y(La,p +y +0) =

On the other hand,
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Y12 _omax{12y 2 2

("(p)_(p+max{1,2}_(p+2_(p+2

Y23 o omax{23} 3 3

("w)_l,b+max{2,3}_1,b+3_l,b+3
and

Y (3.4.2) = max{3,4} 4 4

("O_(+max{3,4}_(+4_(+4'
Thatis,

< 3 4

<p+1p+(+4_maX{<p+2’¢+3’(+4}'

Therefore,

YRALe+ Y+ YR A@)eY(w,AY) oY (w, A1), Y ,9,{>0.

Hence, (£2,I',Y,*,0) isan intuitionistic fuzzy bipolar metric space.

Definition 3.2 Let p:2, U O; = 2, U O, be a mapping where (;,0;) and ({2,,0,)
are pairs of sets (H)

1. If p(2;) €0, and p(O,) € O,, then p is called a covariant map, or a map from
(‘QI! 01! [2'[’ Yi!*’o) to (‘QZJ 02' 1—'21 YZI*JO) and thlS iS Written as p: (‘Qll 011 1—‘1! Yl!*io) =
(123, 05,13, Y3,%,0).

2. If p(2,) €0, and p(O,) €N,, then p is called a contravariant map from
('Ql' 01' ['11 Y;I_'*lo) to (QZIOZJ I-'ZIY'ZJ*IO) and this is denoted as p: ('Qlt 01' 11' Yi'*'o) S
('02' 02' FZ' Y'Z'*'o)'

Example 3.2 If 2, UO; =X={0, 1}, then p(X) = {{},{0},{1}, X}. Supposet I'(0)={}
and I'(1) = X. Then p(I') is the functon which sends any subset U of X to its image
I'(U), which in this case means {} = I'({}) ={}, where — denotes the mapping
under p(I'), so this could also be written as (p(I"))({}) = {}. For the other values,
{0} > rop ={rOy}={{} {1} -» r1h ={r(} ={x1L{0,13 - r|o, 1) =
{r©),r(n}={{x}.

Definition 3.3 Let (Q,0,T,Y,*,0) isa intuitionistic fuzzy bipolar metric space.
1. Apoint X € QU O issaid to be a left pointif X € £, aright pointif X € ® and a
central point if both hold.

2. Asequence {X,}c ) iscalledaleftsequence and a sequence {f,} c @ iscalled
aright sequence.

3. Asequence {X,} c U0 issaidto converge to a point X ifand onlyif {X,} is
aleft sequence, X isaright pointand

lim I'(Rg, X, 0) =1, lim Y(R,, R, 9) =0, forall ¢ >0
a—+oo a—+o
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or {X,} isarightsequence, X isaleft pointand

lim I'(R,X,, @) =1, lim Y(X,R,,¢) =0, forall ¢ > 0.
a—+oo a—+o

4. Asequence {(Xg B,)} C X 0O iscalled abisequence. If the sequences {X,} and
{Bs} areboth converge, then the bisequence {(X,,[,)} iscalled convergentin 2 X 0.

5 If {X,} and {B,} are both converge to a point f € 2 N @, then the bisequence
{(Rq, By)} iscalled biconvergent. A sequence {(X,,fS,)} isa Cauchy bisequence if
lim 'Ry, B, @) =1, lirrl Y(Re, B @) =0, forall ¢ > 0.
a,K—+oo

a, K->+

6. A intuitionistic fuzzy bipolar metric space is said to be complete if every Cauchy
bisequence is convergent.

Example 3.3 Let 2 = (1, ©)and @ =[-1,1]. Define I''t 2 x & - R*as I
(X,A) = |82 - A2 |. Then (£2,0,I',Y,*,°) is a intuitionistic fuzzy bipolar metric space.
Note that the left sequence (1 + %) converges to right points 1 and -1.

Example 3.4 Let 2 =(0,1), @ = (2, 3). Consider the subspace ({2, 0, ') of the space
(R, R, I')where I' isthe usual metricon R.Since I' (X,A) >1forany (X, A)€
x 0, there is no Cauchy bisequence in ({2, 0, T'). Thus, it is vacuously true that (12,0,T")
is complete. However, note that I'2 is equal to the usual metricon 2 =(0, 1) and ({2,
I'2) is not complete, hence (2, O, ') is not bi complete.

Lemma 3.1 Let {X,} be a Cauchy sequence in intuitionistic fuzzy bipolar metric space
(Q,0,T,Y,*,0) suchthat X, # X, whenever k,a € N with a # k. Then the sequence
{X,} can converge to, at most, one limit point.

Proof. Assume that X, >X€® and R, ->A4€0N0NnO , for X+A . Then,
limg 0l Ry, 8, 0) = 1,1img,, Y (R, X, 0) =0 and lim, 0l (Rg, 4, 9) =
1,1lim, 4100 Y (Rg 4, 9) =0, forall ¢ > 0. Suppose

% % %
F(N,A, (p) = F(N, Nou 5) * F(Na, N0c+11 E) * F(Na+1, /1, E)

- 1x1%1, as a — +oxo,
P P P
Y(RA,0) S V(XRe,2) oV (R R 3) 0V (Raar, 4,3)

— 00000, as a — +oo.

That is 'R, 4,9)=>21*x1x1=1Y(R,A,¢9)<000c00=0 and B, A4,¢) <0000
0 = 0.Hence X = A.

Lemma 3.2 Let (Q,0,T,Y,x0) is a intuitionistic fuzzy bipolar metric space. If for
some 0 <B <1 andforany X,A€Q, ¢ >0,

F(R,4,0) 2T(XAD), V(R A,9) SY(RAD), 8]

then X = A.
Proof. (1) implies that

@ @
'R, A,9) 2T (R A, g—a),Y(N, A, ) <Y (R, A,ﬁ),a eEN,p > 0.
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Now
F(®,4,0) > lim F(%, 4,2y =1
) ) —_— a_)+w ) ,ga )
YR, A, 0) < lim Y(X,4,—) = 0.
y 41, = ot ) ’ea

Also, by definition of 3.1 and 3.1 thatis, X = A.

Theorem 3.1  Suppose (Q,0,,Y,x0) is a complete intuitionistic fuzzy bipolar
metric space with 0 <6 < 1.Let p:QU O = QU O be a mapping satisfying:

1. p(2) SN and p(@) CO;

2. TR, pA0¢)=T(RA09), (2)
and Y(pR,p4,0¢9) <Y (R, A, @) (3)
forall XeN , A€O and ¢ > 0.

Then p hasaunique fixed point.

Proof. Let Xy €2 and Ay, € ® and assume that p(X,) =X,,; and p(A4y) = Ag4q
forall a« € NU {0}. Then we get (X, 0,)as a bisequence on intuitionistic fuzzy bipolar
metric space({2,0,I',Y,*,0). Now, we have

@
IRy, Ay, @) = T'(pRo, pAg, @) = (R, /10;5),
and
@
Y (Ry, Ay, @) =Y (pRo, pAo, @) < Y(NO:AO:E):

forall ¢ >0 and « € N. By simple induction, we get

% 4
F(Na'/lou (p) = F(pxa—ll pAa—ll (p) = F(Na—llAa—lla) = F(Na—ZlAa—Z!ﬁ)

Y @
2 F(Na_3,/1a_3,¥) 22 F(NOlAOIe_a)J
and
@ ¢
Y(Rg, Ag, @) =Y (01, PAg—1,9) S Y (N1, g1, 5) SY(Rg—z, Ag—z, ﬁ)
@ @
=< Y(Na_3,/1a_3, E) < < Y(NO!AO’ 9_“)
We obtain
T'(Rey Ay ) 2 T (Ro, Ao, 520, ¥ (R, A, 9) < YV (Ro, Mg, 57) 4)
and
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T (Rar1, A @) 2 TRy, Aoy 52), ¥ Res1, Ay 0) < YV (Ry, Ag, 50 (5)
Letting a < k, for @,k € N. Then,
@ P @
F(Na'/lm (P) = F(Nm/lav 5) * F(Na+1!Aa’ E) * F(Na+1’AK: E)

% % %
2 F(NaﬂAou 3) * F(Na+1' @3 ) Hoeen ok F(Nx—lﬂAk—li F) * F(NK'AK—PF
* F(NK'AK' F)'
and
%
Y(Na' AK’ (P) < Y.(Nar/la: ) Y(xa+1: ar ) y(xa+1: K’ 3)
@ %
ST (Re Ao, ) Y(Rgyq, A @3 ) 00 V(Nye_q, iy, F) ° Y(xx'Ak—l'F)
o Y(NK'AK'F)'
Therefore,
% % @
I(Re, Ay, ) = T'(Rg, Ag, §) * ' (Rgy1, A §) ke k T(Wye_q, Aoy, F)
% %
* F(NK; A}c 1, W) * F(NK’ AK' W)
%
= F(N0!A0!39a) F(N1'A0'39a) * *F(NO:AO:W)
%
* (R, AO!W) * I'(Ro, AO»W)!
and
Y (Rg, A SY (R Ay D) 0 Y (Rgpy1, Ay D) 0+ 0 V(R 2o
- K—1
( ar K'(p) ( ar ou3) ( a+1, a:3) ( K— 1: K— 1'3 )
Y (R, A 1.%)°V(NK.AK,%) <V (Ro g 252) o ¥ (Ry, g 2o o0
Y(NO'AO' 3K—1gk— 1) Y(Nl' AO' 3K~ 191c 1) Y.(NO’AO'WC 19")
Which implies that,
%
I'(Rg, Ay, ) 2 F(NO'A0'39,Z) (R, Ao' a) Kok F(NO:AO:W)
%
* F(&ﬂo:m* F(NO'AOﬂW)ﬂ
@ %
Y (Rg, Ay, @) < Y (R, Ay, 39a) Y (R, Ay, 39a) ormo Y(No;Ao,W

).

P P
° Y(Np/lo,W) ° Y(NO'AO'W
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As a,k — +oo, we deduce

lim 'Ry, Ay, ) =1#1x-x1=1,

a,K—+0o
and lim Y (R, A, 9) =0000:-00=0.
a,K—+0o
Which implies that bisequence (X,,4,) is a Cauchy bisequence. Since (2,0,I',Y,*,)

is a complete intuitionistic fuzzy bipolar metric space. Then, {X,} = X and {4,} —= X,
where X € 2 N 0.Using 3.1 and 3.1, we get

P 4 P
F(R' DN, (P) = F(N' R(7z+1v 5) * F(Na+1! Na+1: E) * F(Na+1, pN,E

@ ® ®
=TI(X, Na+1.§) * F(pNa.pNa,g) * I'(pRy, PR, g)

->1x1x1=1 as a— +oxo,

4 % %
Y(X,pX,¢) <Y (X, Na+1:§) o Y (Rgy1, Noz+1:§) oY (Rgy1, pN,E

@ @ P
=Y (¥, Na+1'§) oV (pRg11, pxa+1'§) o Y (pRat1, PN, g)

—>00000=0 as a— +oo.

Hence, pX = K.

Now, we examine the uniqueness. Let pw = w forsome w € 2 N O, then

1> (w8, @) = ['(pw, PR, @) = (@, x,%) = F(pw,pN,g)
=T N£>"'>F N£—>1 — 400
=TI (w, ,92)_ >I'(w, '6“) as « ,

% %

0<Y(w,R9)=YpoR e <YV(oXx, 5) =Y (pw,px, 5)

<Y(w, N,%) << YV(w, N,;ia) -0 as a— +om,

by using 3.1 and 3.1, X = w.

Theorem 3.2  Suppose (Q,0,I,Y,*x0) is a complete intuitionistic fuzzy bipolar
metric space with 0 <6 < 1.Let p:QUB® = QU O be a mapping satisfying:

1. p(2) SO and p(O) € N;

2. I'(X,pA,09) =T (AR, @),

and Y (pRX,pA,0¢) <Y(4,R, @), (6)
forall XeN , A€O and ¢ > 0.

Then p has aunique fixed point.
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Proof.Let X, € 2 and A, € ® andassumethat p(X,) = A, and p(4,) = R,y for
all a € NU {0}. Then we get (X, 6,)as a bisequence on intuitionistic fuzzy bipolar
metric space ({2,0,I',Y,*,°). Now, we have

@

_)’

IRy, Ao, @) = T'(pAg, pRo, @) = I'(Rg, Ao, 9

and

@
Y (R, Ao, @) =Y (pAg, Ry, @) < Y(NO,AO,E)’

forall ¢ >0 and « € N. By simple induction, we get

[0}

I'(Ra, Ags @) = I'(pAg-1,P8a, ) 2 I'(Ro, Ao, 575,
@

Y(Na'Aai (P) = Y-(pAa—l' pxat (p) < Y-(NO'AOJ 920{);

and

4
F®as1, A 9) = T'(PAe PRa, ) 2 I'(Ro, Ao, 57077,

%
Y(Rgi1, Aay @) =V (0Ag, PR, @) < YV (Ro, Ay, W)

Letting a < k, for a,k € N. Then,

% % %
F(N(x'/llc: (P) 2 F(Na:Aa' §) * F(Na+1'/1a' g) * F(Na+1'/1x: E)
P % P
= F(Na'/lou 3) * r(xtx+1l @'z ) Kook F(NK—LAK—L F) * F(NKIAK—L@
* F(NK’AK' F):
and
%
Y(N(x' AK’ (P) < Y.(Nou Aa: ) Y.(Na+1: a' ) Y(xa+1: K’ 3)
4
SY(Re, Ag, ) Y(Rgyp, A a3 )° o Y (Ryeoq, A L= 1) Y (R, Ay L3k-1
o Y (Ry, Ay, F)
Therefore,
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% % %
I(Rg, Ay, ) 2 T (R, Ag, E) *I'(Rgp1, Aas E) Kok F(NK—IJAK—l'W

4
* F(NKI AK_]_,F) * F(NK’ AKI 31('—1)

%
K= 192K—2)

T 192,) Y(Ry, A, @)

= Y(Na'/la: ) Y(Naﬂ' a3 ) O Y(Nk—l’AK—liF)

14
2 F(No,Ao,W) * F(No,Ao,
@

3K 1921{ 1

Y
W) * ok ['(Ro, Ao,

* I'(Ro, Ao, ) * F(NO!AO!

o Y(NK'AK—l'W) o Y-(NK, Ax’ F)
1) P
< V(R 4o, 392a) Y (Ro, Ao, 392a+1) ene Y(NO’AO’W)
1) %
° ¥ (Ro, Ao gemigzem) © ¥ (Ko, Ao gmigar)-
Which implies that,
1) %
(R, Ay 9) = T'(Ro, 4, 392a) *I'Ro, Ao, 5oz * ¥ T (Ro, Ao g 055
1) @
* I'(Ro, Ao, W) * I'(Ro, Ao, 3x—1921c)
and
1) %
Y (Rg, Ay, ) < Y (R, Ay, 92a) Y (Ro, Ao, 392a+1) ° ¥ (®o, 4o, 3r-1g2r—2
1) ¢
° Y (Ro, Ao, grgmes) © ¥ (Ko Ao, gmrgan):

As a,k — +oo, we deduce

lim 'Ry, A, ) =1x1*x--x1=1
a,K—+00

and

lim Y(Na,/l,c,(p) =0000:-00=0.
a,K—+
Which implies that bisequence (X, 4,) is a Cauchy bisequence. Since (£2,0,I',Y ,*,0)
is a complete intuitionistic fuzzy bipolar metric space. Then, {X,} - X and {4,} - X,
where X € 2 N 0.Using 3.1 and 3.1, we get

¢

% P
F(N' DN, (p) = F(N, Na+1' 5) * F(Na_'_l, N0c+11_) * F(Na+1, DN, g)

3

P P
g) * I'(pRy, PR, g)

¢
= F(N' Na+1'§) *F(pxa' PR,
->1x1+x1=1 as a— +oo,

and

% P P
Y(N' px' (p) < Y(N, Na+1: g) ° Y(Na+1' Na+1' E) ° Y(Na+1' pxig

P % P
= Y(N' N0(+1' E) ° Y(pxa+1' pxa+1' E) ° Y(pxa+1! pN! g)
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=2 00000=0 as a— +co.

Hence, pX = X.
Let pw = w forsome w € 2 N O,then

1> I'(w,8 @) = [(PR,pw, ) = I'(w, x,%) - (R, pw,%) > ', x,%) >

21—'((0,}(,9%)—)1 as a — +oo,

0 < V(@8 9) = Y(PX,p0, @) < V(@,X,3) = Y (#R,pa, ) < V(0,8 < -
<Y(w, N,;ia) -0 as a - +oo,

by using 3.1 and 3.1, we get X = w.

Definition 3.4 Let (Q,0,T,Y,x,0) be a intuitionistic fuzzy bipolar metric space. A map
p:QU B - QU O isan IFB(intuitionistic fuzzy bipolar)-contraction if we can find 0 <
0 <1 satisfying

1 1
- 1< —
I (pR,pA,P) - Q[F(N.A.w) ] )
and
Y (PR, pA, @) < 0Y (R, 4, 9), (8)

forall XeN , A€O and ¢ > 0.

Theorem 3.3 Let (0,0,I',Y,x,0) be a complete intuitionistic fuzzy bipolar metric space.
Let p: QU O — QUO beamapping satisfyig:

1. p(2) SN and p(@) CO;

2. p isIFB-contraction, forall Xe€ 2 , A€6 and ¢ > 0.

Then, p hasa unique fixed point.

Proof. Let X, €2 and A, € ® and assume that p(X,) =RX,.; and p(4,) = Ay4q
for all a € NU{0}. Then we get (X, 6,) as a bisequence on intuitionistic fuzzy
bipolar metric space (£, 0,I',Y,*°). By using (7) and (8) for all ¢ > 0, we deduce

1 1 1
S 1< 0[]
F(Na,/la, (p) r(pxa—lép/la—l: (p) F(Na—lJ Aa—ll (P)
= 9
F(Na—l' Aa—ll (p)
! < 6 +(1-6)< o +0(1-6)+(1-06)
ﬁ < p— <— p— —
I—'(Na,/la, (P) F(Na—l' Aa—ll (p) r(xa—Z'Aa—Z! (p)

Continuing this way, we deduce
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1 < 6
F(Na'/lou (p) - F(NO'AO'H(%)

+9a—1(1 -0)+ 9“_2(1 -0)+--+60(1-60)+(1-06)

S———+ (0 +02+ -+ 1)(1-0)
F(No:{zlo:QD)

<—+(1-6%.
I'(Ro, Ao, @)
We obtain
1
—g - <T'(Re, 40, 9) 9
% a a a
1"(*‘0»’10.(40)4'(1_(9 )

Y(Rg, Agy @) =Y (PR o1, PAq1, @) S OV (Rg_1, Agoq, @) = Y (PR3, PAg—2, @)

S 02V (Ryp, Ry_p, @) < -+ S 0V (R, Ag, @), (10)
and
1
s < T(Rgy1, Ay @) (11)
0 a+1 a
F(Nl-/‘o-w)+(1_6a)

Y(Rgr1,Agy @) = Y PRy, pAg_1, @) S OV (R, A1, @) =Y (PRy_1, PAg—2, @)

<O (Ryeq, Ryoz, @) < - < 0%V (Ry, Ag, @). (12)
Let a < k,for a,k € N. Then,
@

% @
F(Na,/lk, (p) = F(Na,Aa, 5) * F(Na_'_l, Aou §) * F(Na+1J AK! E)
> % % %
= F(Na'/lou 3) * F(Na+1: @3 ) Kook F(Nx—liAk—l' F) * F(NK’AK—l'F
‘P
* F(NK,AK, F)’
and
%
Y(N(x' AK’ (P) < Y.(Nou Aa: ) Y.(Na+1: a' ) Y(xa+1: K’ 3)
P
< Y(Na'/lou ) Y(Na+11 ou )o : 'OY(NK—I'AK 1’3;c 1) Y(NK'AK 1r 3K—1)
(P
° Y(NK'AK' F)
Therefore,
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4 4 %4
F(NM'AK' ®) = F(Nav/lou E) * F(Na+1v/1m E) Ko Xk F(Nx—l!AK—l' F)
% %
* F(NK' AK—l' F) * F(NK‘ AK" F)
1 1
2 ga * 90( k eee
v a0 — -
r'(Ro, Ao, 3) IRy, 40,3)
1 1
* *

9;{—1 91{—1
-y — (-
F(NO'AO'F) r(xl,Ao,F)

1
* — 3
o +(1-0%)

I (Ro, Ao, 30=1)
And

% % %
YRy, Ay, ) S Y (Rg, Ag, 5) °oY(Rgy1, A E) o0 V(Ryeoq, Ayq, F)
% %

o Y (R, A1, F) o Y (R, Ay, F)
< 07Y (Ro, Aoy 2 0 BUY (Ry, Ay —o) 0 --- 0 §5 1Y (R, Agy s
< 09 (R0, Ao ) © 0% (Xy, Aoy ) (Ko, Aoy 37)
_ 4 P
o gk 1Y(N1,A0,—3K_1) o HKY(NO,AO,—3K_1).
Which implies that,
1 1
I'(Rg, Ay, 0) = ga * g Ko
— o+ (1-6%) ———+ (1~ 69
F(NOlAOJ ?) F(Nlt AO! ?)
1 1
E3 *
ex—l gk—l
0 + (1 —-6%1) P +(1-06%1)
F(NO,AO,F) F(Nl» AOrF)
1
* K )
I (Ro, Ao, 35c=1)
and
Y(R,, A <9“YNA(p %Y (R, A Ld 0* 1Y (R,, A id
Rg, Ay, ) < (Ro, 0:§)° Ry, O:F)“"" (Xo, 0 3x-1

- ¢ 4
0 %Y (R, AO'F) 0 0%V (R, AO,F).

As a,k — 4+, we deduce

lim 'Ry, A, ) =1%1%--x1=1,

a,K—>+0

and

lim YRy, g @) =0000-00=0.

a,K—+oo
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Which implies that bisequence (X,,4,) is a Cauchy bisequence. Since (2,0,I',Y,*,)
is a complete intuitionistic fuzzy bipolar metric space. Then, {X,} - X and {4,} —= X,
where X € 2 N @.Using 3.1 and 3.1, we get

PR ) 2 T (881, 2) # T (Rern Rawn 2) * T (R 98, 2)

3
= (X Rge1, 2) # T (PRe 980, )+ T (PR 90, 2)
=T (R N““'g) * A ? '1+ (1 — ga+1) N (DNa.PN, g)
i)

-1+x1x1=1 as a— +oo,
and
@ @ @
YR, pR,0) S V(X Rpyq, E) oY (g1, g1, §) oY (Ryi1, PR, §)
@ @ P
=TV (X, Na+1'§) oV (pRg 11, pxa+1'§) o Y (pRaqs1, P, g)

% @ %
< Y(N' Na+1' §) ° 6a+1Y(NO'AO' E) ° Y(pxoﬁlt DN, 5)

—>00000=0 as a— +oo.
Hence, pX = X.Let pw = w forsome w € 2, then

1 1
-_— 1= —1<
'R, w,¢) r'(pR, pw, p)
which is a contradiction.

YR, w,0) =YX, pw, @) <0YR,w,¢) <YR, w0, @),

ol 1]

— 1< — — 1,
', w,e) re¥, w, )

which is a contradiction as well. Therefore, I'(R,w,p) = 1,V (X, w, ) = 0, hence, X =
w.

Example 3.2 Let 2 =[0,1] and 6 = {0} UN — {1}. Define I',Y,:2 X 0 X (0, +o0) >
[0,1] as
@ IR — 4]

—IY NIAI =
TR 7] X,4,9)

r®,4,¢9) = SOt IR—A]

Then, (2,0,I,Y,*,0) is a complete intuitionistic fuzzy bipolar metric space with CTN
v+ & =v¢ and CTCN vo & = max{v, ¢}
Define p:(2,0,I,Y,*,0) 3 (2,0,I,Y,*,0) by
1=37 ixeor
=15 Nl
0, ifk e N — {1},

forall X€NUEO andtake O € [%, 1), then
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1-3%1-34 O
PR pA,00) =TI (—F— —— —.0¢) = 1-3% 1_34
6o - 6o _ 50¢ - 1)
- X _3-4| = XN—A] —Al T -
g(p+l3 53 I 6,(erI - | 50p+|R—A] " ¢+ |R—A4]
=T(R 4, 9),
1-3% 1-34
1-3%1-34 |l —— =1
Y(pR,pA, 00) =Y (—— ——( . 0¢) = 1-3% 1_34
~ @ ~ |3—x _ 3—A| IX — A]
- -8 _ 2-4] — -X _2-4| — —
9(p+|3753| 5600 + |3 374 T 560 + |R — A|
R4l _ywa
_(p+|N—A|_ (; :‘P)

Therefore, the conditions of Theorem 3.1 are fulfilled, and 0 is the only fixed point for
p.

4. Application

Let 2 = C([c, a],[0,+)) is the set of all continuous functions defined on [¢, a]
with values in the interval [0,4+o) and O = C([ca], (—,0]) is the set of all
continuous functions defined on [¢,a] with values in the interval (—oo, 0].

Suppose the integral equation:

RO =A 00 + 8 [ 200 p)R()dp for x,p € [c,ald (13)

where &6 > 0,A (p) is a fuzzy function of p:p € [c,a] and Z:C([¢,a] X R) » R*.
Define I' and Y by

~ @
reROo, Ax), @) = Xse‘fg] o+ R0 — A)|

forall X,A€ 2 and ¢ >0,

and

YR, A(x),9) =1— sup L4 forall ¥,A4€ 0 and ¢ >0,

xeleal @+ IRCY) — 400

with CTN and CTCN defineby v*& =v-& and v o ¢ = max{v,{}. Then
(2,0,I',Y,*,0) isacomplete intuitionistic fuzzy bipolar metric space.

Suppose that |Z(x, p)R(Y) —Z(x, p)A)| < IR(¥) —A(x)| for ReN,A€0,0€
(0,1) and Vy,p € [¢a].Also,let Z(x,p)(d fca dp) < 6 < 1. Then, the integral Equation
(13) has a unique solution.

Proof. Define p: (02,0,I',Y,x,0) 3 (0,0,I',Y,x,°0) by

PR =A () + 6J E(x, p)R()dp forall y,p € [c a].

Now, forall ¥,4 € 2 U @, we deduce
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B¢
(PR, pA(x), 0¢9) = su
PR, pA(X), 69) xe[g] 6o + [pR(x) — A

O
= Ssup - -
xeleal 0@ + | A(X) + 6 ff:(x, PIRCdp —A (x) — 6 ffsoc,p)x(x)dpl
O
= Ssup T~ T
xeleal 09 + 18 [7E(, pIR()dp = 8 [ Z(Cr, pI)R(x)dp]
Op %

= >
relia) 0 + 1200 RGO — ECt AN [ dp) ~ xeica @ + RGO — QO]

=2 (RO, 400, 9),

and

O
Y (RO, pA(Y), 09) = 1 — su
(PROO, A, 69) el 09 + [PRC) — pAGO)|

7]
=1- sup . Ld -
xeleal 09 + | A () + 8 [2E0 p)RCDdp —A () = 8 [ 20, p)R(x)dp|
7]
=1- sup . Ld -
xeleal 09 + 18 [7E(, pIR()dp — 8 [ Z(Cr, p)R(x)dp]
O
=1

%
— < 1 —
£ei1 99 + 1ECLPINGO — B AGOIG [ dp) —  xelen# + 1RGO = AGO]
< Y(RG), 400, @).

Therefore, the conditions of Theorem 3.1 are fulfilled and operator p has a unique
fixed point.

Example 4.1 Assume the following integral equation.
1

1
XG0 = Isingl +5 [ pX(2)dp, forall p € [0,1]
0
Then it has a unique solutionin 2 U 6.
Proof. Let p:(2,0,I,Y %) 3 (2,0,I',Y,x,0) be defined by

1

1
PROO) = Ising| + 5 f PR (p)dp,
0

and set Z(x,p)X(y) = %p&(p) and E(x,p)A(x) = %p/l(p), where X, A€ 02U0, and
forall y,p € [0,1]. Then we have

1 1
1ZC0 )R — E(6Lp)ACO] = | gpN(p) - gp/l(p)l = g—) IX(p) — A(p)]
< [R(p) — A(p)I,

2 2
And %fol pdp = %(% — %) = % =60 <1, where 6 = %. Therefore, the conditions of

Theorem 3.1 are fulfilled. Hence p has a unique solutionin 2 U 6.
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5. Conclusion

In this paper, we introduced the concept of intuitionistic fuzzy bipolar metric space
and proved fixed point theorems. Readers can explore extending the results in the
setting of Chatterjea, Hardy Rogers, Ciric’ and Suzuki contraction types. The authors
received no specific funding for this study. The authors declare that they have no
conflicts of interest to report regarding the present study.
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