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Abstract. Real-world data is often partial, uncertain, or incomplete. Decision 
making based on data as such can be addressed by fuzzy sets and related 
systems. This article studies the intuitionistic multi-fuzzy sub-near rings and 
Intuitionistic multi-fuzzy ideals of near rings. It presents some of the 
elementary operations and relations defined on these structures. The concept 
of level subsets and support of the Intuitionistic multi-fuzzy sub-near ring is 
also presented. It looks into and demonstrated a few characteristics of 
intuitionistic multi-fuzzy near-rings and ideals. This research advances fuzzy 
set theory, which is often applied to problems involving pattern recognition 
and multiple criterion decision-making. Thus, the results may be beneficial to 
artificial intelligence related research. Alternatively, the intuitionistic multi-
fuzzy approach may be applied to vector spaces and modules or extended to 
inter-valued fuzzy systems. 
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1. Introduction 

The concept of "fuzzy sets" was initially proposed by Zadeh (Zadeh, 1965), which 
opened the door for set theory researchers. Many versions and generalizations of 
fuzzy sets have appeared to solve problems such as multi-criteria decision-making, 
recognition of patterns and diagnosis of diseases (Broumi, Ajay, et al., 2022; Ashraf et 
al., 2022; Broumi, Sundareswaran, et al., 2022) waste management (Zhumadillayeva 
et al., 2020) and voltage balancing (Taghieh et al., 2022). Applications of the fuzzy 
systems to some other areas can be studied (Gulzar, Alghazzawi, et al., 2020; Gulzar, 
Mateen, et al., 2020; Kausar, 2019; Kausar et al., 2020; Riaz et al., 2022b). Due to the 
appearance of fuzzy sets and their associated systems as problem-solving tools in 
MCDM (Abbas et al., 2021; Abdullah, 2013; Kahraman, 2008) and other disciplines of 
our daily life, more people were attracted towards this area of research. Theoretical 
mathematicians use this idea to generalize well-known mathematical structures. For 
example, Rosenfeld used it to develop a fuzzy group structure and generalize the 
classical group. This was the initial development of fuzzy group theory. Liu 
introduced fuzzy rings and studied various properties of rings and ideals in a fuzzy 
context. Within a few years, the fuzzification of algebraic structures became a hot 
topic within the research community. Researchers developed more fuzzy algebraic 
structures like fuzzy modules, fuzzy algebras, fuzzy sub near rings etc. were 
developed [see (Al-Husban, 2021; Fathi & Salleh, 2009; Hur et al., 2005; Rahman & 
Saikia, 2012; Zhan & Ma, 2005)]. Salah Abuzaid was the first who introduced the 
notion of fuzzy sub near-rings (Abou-Zaid, 1991) and later, its variants were 
studied(Asif et al., 2020; Hussain et al., 2022). 

The concept of multisets is initiated by Yager (Yager, 1986). The multi-fuzzy 
groups were proposed by T. K. Shinoj et al. [see (Dresher & Ore, 1938; Shinoj et al., 
2015)]. They studied the basic properties of multi-fuzzy groups and presented a few 
preliminary results. The fuzzy versions of multi-subrings and their ideals were 
established by L. Sujatha (Sujatha, 2014) in 2014. She also proved that the finite 
multi-fuzzy subrings (ideals) intersection is a multi-fuzzy subring (ideal). Fuzzy 
multi-near-rings and their associated multi-ideals were introduced by Tahan et al. 
(Al Tahan et al., 2021) in 2021. They defined various operations on multi-ideals of 
fuzzy near-rings. They presented foundational results related to fuzzy multi sub-
near-rings, fuzzy multi-ideals and the operations defined on multi-ideals. The anti-
fuzzy multi-ideals of near-rings were considered by Hoskova (Hoskova-Mayerova & 
Al Tahan, 2021). 

One of the well-known generalizations of fuzzy sets is the intuitionistic fuzzy set 
proposed by Atanassov(Atanassov, 1986). Renowned mathematicians also use this 
set to fuzzify algebraic structures. Fathi was the first to describe the notion 
intuitionistic fuzzy group (Fathi & Salleh, 2009) Consequently, the intuitionistic 
versions of groups, rings, ideals, modules, near-rings etc., have been established (Hur 
et al., 2005). Many researchers (Kausar & Waqar, 2019; Kousar et al., 2021, 2022; 
Riaz et al., 2022a) used intuitionistic fuzzy sets and developed different structures. 
These included triangular intuitionistic fuzzy linear programming, lattice-valued 
intuitionistic fuzzy subgroup type-3, algebraic codes over lattice-valued intuitionistic 
fuzzy type-3 submodules, codes over lattice-valued intuitionistic fuzzy set type-3, 
non-associative ordered semi-groups by intuitionistic fuzzy bi ideals. Others further 
developed different versions of intuitionistic fuzzy sets, such as complex 
intuitionistic fuzzy sets in group theory and t-intuitionistic fuzzy subgroups(Gulzar, 
Alghazzawi, et al., 2020; Gulzar, Mateen, et al., 2020). It also encompasses the finite 
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intuitionistic anti-fuzzy normal subrings’ direct product (Kausar, 2019) intuitionistic 
fuzzy normal subrings (Shah et al., 2012). 

 
The primary purpose of this study is to find the connections between multi-fuzzy 

near-rings and intuitionistic fuzzy sets. For this, we first define intuitionistic fuzzy 
multi-near-rings (IFM𝑁𝑅s) and ideals associated with this structure. We also define 
the basic operations and study the critical properties of this structure. Moreover, we 
study the support and (∝, 𝛽) − level subsets of IFM𝑁𝑅s and produce a few related 
results. This work contributes to the fuzzy set theory and fuzzy algebra, which are 
extensively used to solve multi-criteria decision-making and pattern recognition 
problems (Kaharman et. al., 2008). 

2. Motivation and Scope 

Fuzzy sets and associated systems deal with theoretical and practical problems 
equipped with incomplete, uncertain, or ambiguous data. Although this is a very 
young discipline started with the work of L. A. Zadeh but gained the attention of 
many researchers quickly. The reason is that it can be directly applied to theoretical 
and daily life problems, including Multi-criteria decision-making, Pattern 
recognition, disease diagnosis and Management. So, it is worth studying the fuzzy 
systems to produce more sufficient and adequate theoretical bases used to develop 
better problem-solving tools. This article also proposes a fuzzy algebraic system 
intuitionistic fuzzy multi-near-rings, a generalization of well-known fuzzy multi-
near-rings. 

3. Preliminaries 

This study first recalls some basic definitions of fuzzy and multi-fuzzy sets.  
Definition 2.1: Let 𝒩 be a non-empty set, then a fuzzy set �̃� is given by an ordered 
pair (Zadeh, 1965) 

�̃� = {(s, Ω�̃� (𝑠)) / 𝑠 𝜖𝒩} 

𝛺�̃�  is the degree of membership, and Ω�̃� : 𝒩 → [0,1] is the membership function. 
Example 1. If  𝒩 = {𝑠, 𝑡, ȥ} then �̃� = {(𝑠, 0.51), (t, 0.03), (ȥ, 0.21)} be fuzzy set of 𝒩. 

Definition 2.2: Let 𝒩 be a set that is not empty. An intuitionistic fuzzy set will be  

(Atanassov, 1986) 

�̃� = {< 𝑠,  Ω�̃� (𝑠), ℧ �̃�(𝑠) > / 𝑠 𝜖𝒩} 

Where Ω�̃� and ℧�̃�  are the degrees of membership and non-membership function, 

respectively, they are defined as  Ω�̃� : 𝒩 → [0,1]  and ℧�̃� : 𝒩 → [0,1].     

For each  𝜖 𝒩 0 ≤  Ω�̃� (𝑠) + ℧ �̃�(𝑠) ≤ 1. 

Remark 1. Every fuzzy set is an intuitionistic fuzzy set.  

Definition 2.3: Let 𝒩 be a non-empty set, then ℳ be a multiset drawn from 𝒩, 

characterized by a count function 𝒞ℳ: 𝒩 → ℕ , where 𝒞ℳ represent the number of 

repetition of an element in ℳ and ℕ is set of positive integers (Yager, 1986; 

Hoskova-Mayerova & Al Tahan, 2021). 

Let 𝒩 = {𝑠1, 𝑠2, 𝑠3, … , 𝑠𝑛} be a set; then a multiset ℳ will be represented as ℳ =

{ᶆ1/𝑠1, ᶆ2/𝑠2, ᶆ3/𝑠3, … , ᶆ𝑛/𝑠𝑛} where  ᶆ𝒾 = {ᶆ1, ᶆ2, ᶆ3, … , ᶆ𝑛}  represents the 

number of repetition of an element in ℳ. 
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Example 2. Let 𝒩 = {𝑠, 𝑡, ȥ} be a set, then ℳ = {𝑠, 𝑡, 𝑡, 𝑠, ȥ, 𝑡, 𝑡} is a multiset, and it can 

also be represented as ℳ = {2 𝑠,⁄ 4 𝑡,⁄ 1 ȥ,⁄ }. 

Definition 2.4: Per Al Tahan et al. (2021), let 𝒩 be a non-empty set then a fuzzy 

multiset constructed from 𝒩 can be represented as; 

𝒜 = {(𝑠, 𝒞ℳ𝒜 (𝑠)) / 𝑠 𝜖 𝒩 

Where 𝒞ℳ𝒜: 𝒩 → 𝑄 represents the count membership function, here 𝑄 is a set of all 

crisp multisets which is constructed from unit interval [0,1] and for each 𝑠 𝜖𝒩, 

𝒞ℳ𝒜 (𝑠) is a decreasingly ordered sequence that is Ω𝒜
1 (𝑠) ≥  Ω𝒜

2 (𝑠) ≥  Ω𝒜
3 (𝑠) ≥ ⋯ ≥

 Ω𝒜
𝑛 (𝑠). 

Definition 2.5: Let 𝒩 be a non-empty set. An intuitionistic version of a fuzzy multiset 

can be represented; 

𝒜 = {< 𝑠, 𝒞ℳ𝒜 (𝑠), 𝒞𝒩 𝒜(𝑠) > / 𝑠 𝜖 𝒩} 

𝒞ℳ𝒜: 𝒩 → 𝑄 represents the count membership function, and 𝒞𝒩𝒜: 𝒩 → 𝑄 

shows the count non-membership function. Here 𝑄 is a set of all crisp multisets 

which is constructed from unit interval [0,1], and for each 𝑠 𝜖𝒩, 𝒞ℳ𝒜 (𝑠) is a 

decreasingly ordered sequence that is   Ω𝒜
1 (𝑠) ≥  Ω𝒜

2 (𝑠) ≥  Ω𝒜
3 (𝑠) ≥ ⋯ ≥  Ω𝒜

𝑛 (𝑠)  and 

𝒞𝒩𝒜(𝑠)  is denoted by  (℧𝒜
1 (𝑠), ℧𝒜

2 (𝑠), ℧𝒜
3 (𝑠), … , ℧𝒜

𝑛 (𝑠))  . For each  𝑠 𝜖𝒩, 0 ≤

𝒞ℳ𝒜 (𝑠) + 𝒞𝒩𝒜 (𝑠) ≤ 1.  

Remark 2. 𝒞ℳ𝒜 (𝑠) is ordered decreasingly, but the corresponding 𝒞𝒩𝒜(𝑠) may 

need to be in decreasing and increasing order. 
Remark 3. An intuitionistic fuzzy set on set 𝒩 can be treated as a particular case of 

an intuitionistic fuzzy multiset, if 𝒞ℳ𝒜 (𝑠) =  Ω𝒜
1 (𝑠). 𝒞𝒩𝒜 (𝑠) = ℧𝒜

1 (𝑠) ∀ 𝑠 𝜖𝒩. 
Example 3. Let 𝒩 = {𝑎, 𝑏, 𝑐}. Then, 𝒜 is an intuitionistic fuzzy multiset over 𝒩 with 

count functions: 

𝒞ℳ𝒜(𝑠) = {

0.4,0.4,0.6  𝒾𝑓 𝑠 = 𝑎
0.1,0.1,0.1   𝒾𝑓 𝑠 = 𝑏

1,1,0.5          𝒾𝑓 𝑠 = 𝑐
 

𝒞𝒩𝒜(𝑠) = {

0.6,0.6,0.4  𝒾𝑓 𝑠 = 𝑎
0.9,0.9,0.9   𝒾𝑓 𝑠 = 𝑏

0.5                𝒾𝑓 𝑠 = 𝑐
 

Definition 2.6: According to Al Tahan et. al (2021), Shinoj et. al., (2015), let 𝒩 ≠ ∅ be 

a set, 𝒜 and ℬ  be two intuitionistic fuzzy multisets over  𝒩 with fuzzy count 

functions 𝒞ℳ𝒜(𝑠),  𝒞ℳℬ(𝑠) and 𝒞𝒩𝒜(𝑠),  𝒞𝒩ℬ(𝑠) respectively, then: 

𝒜 ⊆ ℬ if 𝒞ℳ𝒜(𝑠) ≤ 𝒞ℳℬ(𝑠) and 𝒞𝒩𝒜(𝑠) ≤ 𝒞𝒩𝒜(𝑠) ∀ 𝑠 𝜖𝒩 

𝒜 = ℬ if 𝒞ℳ𝒜(𝑠) = 𝒞ℳℬ(𝑠) and 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(𝑠) ∀ 𝑠 𝜖𝒩 

𝒜 ∩ ℬ is defined as; 

𝒞ℳ𝒜∩ℬ(𝑠) = min {𝒞ℳ𝒜(𝑠), 𝒞ℳℬ(𝑠)} and 𝒞𝒩𝒜∩ℬ(𝑠) = max {𝒞𝒩𝒜(𝑠), 𝒞𝒩ℬ(𝑠)} 

𝒜 ∪ ℬ is defined as; 

𝒞ℳ𝒜∪ℬ(𝑠) = max{𝒞ℳ𝒜(𝑠), 𝒞ℳℬ(𝑠)} and 𝒞𝒩𝒜∪ℬ(𝑠) = min {𝒞𝒩𝒜(𝑠), 𝒞𝒩ℬ(𝑠)} 

The complement of an intuitionistic fuzzy multiset is defined as; 

𝒜𝑐 = {< 𝑠, 𝒞𝒩𝒜 (𝑠), 𝒞ℳ 𝒜(𝑠) > / 𝑠 𝜖𝒩} 

Example 4. Let 𝒩 = {𝑎, 𝑏, 𝑐, 𝑑} and 𝒜, ℬ be two intuitionistic fuzzy multisets over 𝒩 

that is;  
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 𝒜 = {< 𝑎, (0.8,0.8,0.6), (0.2,0.2,0.4) >, < 𝑏, (0.7,0.7,0.7), (0.3,0.3,0.3) >, < 𝑐,

(1,0.9), (0.1) >}, 

ℬ = {< 𝑎, (1,0.5,0.5), (0.5,0.5) >, < 𝑐, (0.6,0.6), (0.4,0.4) >} Then; 

𝒜 ∩ ℬ = {< 𝑎, (0.8,0.5,0.5), (0.2,0.5,0.5) >, < 𝑐, (0.6,0.6), (0.4,0.4) >} 

And; 

𝒜 ∪ ℬ = {< 𝑎, (1,0.8,0.6), (0.2,0.4) >, < 𝑐, (1,0.9), (0.1) >}. 

Definition 2.7: Let 𝒩 be a non-empty set, then (𝒩, +,∙) is said to be left (right) 𝑁𝑅 if  

(Al Tahan et. al., 2021, Asif, et. al., 2020, Hussain et. al., 2022); 

(𝒩, +)  is a group; 

(𝒩,∙) is a semi-group; 

𝒩 Satisfies left (right) distributive law, that is; 

𝑠 ∙ (𝑡 + ȥ) = 𝑠 ∙ 𝑡 + 𝑠 ∙ ȥ ∀ 𝑠, 𝑡, ȥ 𝜖𝒩 (Left distributive) 

(𝑡 + ȥ) ∙ 𝑠 = 𝑡 ∙ 𝑠 + ȥ ∙ 𝑠 ∀ 𝑠, 𝑡, ȥ 𝜖𝒩 (Right distributive) 

Example 5. Let ℝ be a set of real numbers, then (ℝ, +, ∙) form 𝑁𝑅 under standard " +

" and multiplication is defined as 𝑎 ∙ 𝑏 = 𝑎 ∀ 𝑎, 𝑏 𝜖 ℝ. 

Note: Throughout this text, we write 𝑁𝑅 instead of near-ring and 𝑁𝑅s for near-rings. 

Definition 2.8: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒥 be a sub- 𝑁𝑅 of 𝒩 then 𝒥 is said to be an 

ideal of 𝒩 (Al Tahan et. al., 2021, Asif, et. al., 2020, Hussain et. al., 2022), if; 

i. 𝑠 + 𝑡 − 𝑠 𝜖 𝒥 ∀  𝑠 𝜖 𝒩 𝑡 𝜖 𝒥 

ii. 𝑠 ∙ 𝑡 𝜖 𝒥 ∀ 𝑠 𝜖 𝒩 ∧ 𝑡 𝜖 𝒥 

iii. (𝑠 + 𝑎) ∙ 𝑡 − 𝑠 ∙ 𝑡 𝜖 𝒥 ∀ 𝑠, 𝑡 𝜖 𝒩 ∧ 𝑎 𝜖 𝒥 

Remark 4 If 𝒥 fulfils conditions (i) and (ii), then 𝒥 is said to be the left ideal, and if 𝒥 

satisfies (i) and (iii), then 𝒥 is said to be the ideal of 𝒩. If 𝒥 is the left and right ideal 

of 𝒩, then 𝒥 is said to be an ideal of 𝒩. 

Example 6. Let ℳ2(ℤ) be the set of all possible 2 𝑏𝑦 2 matrices with entries from ℤ 

and ℳ2(ℤ) form 𝑁𝑅 under standard addition and multiplication is defined as  

(𝑎𝒾𝒿) ∙ (𝑏𝒾𝒿) = (𝑎𝒾𝒿) for some (𝑎𝒾𝒿), (𝑏𝒾𝒿) 𝜖 ℳ2(ℤ) then ℳ2(2ℤ) is right ideal of 

ℳ2(ℤ). 

Definition 2.9: (Abou-Zaid, 1991) Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be fuzzy set over 𝒩 
then 𝒜 is said to be fuzzy sub-NR of 𝒩 if  ∀ 𝑠, 𝑡 𝜖 𝒩 the following condition satisfies; 

I. Ω𝒜(𝑠 − 𝑡) ≥ Ω𝒜(𝑠) ∧ Ω𝒜(𝑡) 
II. Ω𝒜(𝑠 ∙ 𝑡) ≥ Ω𝒜(𝑠) ∧  Ω𝒜(𝑡)  

Definition 2.10: (Abou-Zaid, 1991) Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be fuzzy set over 𝒩 
then 𝒜 is said to be the fuzzy ideal of 𝑁𝑅 if ∀ 𝑠, 𝑡 𝜖 𝒩 the following condition 
satisfies; 

I. Ω𝒜(𝑠 − 𝑡) ≥ Ω𝒜(𝑠) ∧ Ω𝒜(𝑡) 
II. Ω𝒜(𝑠 ∙ 𝑡) ≥ Ω𝒜(𝑠) ∧  Ω𝒜(𝑡)  

III. Ω𝒜(𝑠 + 𝑡 − 𝑠) ≥ Ω𝒜(𝑡) 
IV. Ω𝒜(𝑠 ∙ 𝑡) ≥ Ω𝒜(𝑡)  
V. Ω𝒜((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≥ Ω𝒜(𝑎) ∀ 𝑎 𝜖 𝒩   

Definition 2.11: (Al Tahan et. al., 2021) Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be fuzzy multiset 
over 𝒩 then 𝒜 is said to be fuzzy multi sub-NR of 𝒩 if ∀ 𝑠, 𝑡 𝜖 𝒩 the following 
condition satisfies; 

I. 𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) 
II. 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡)  
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Definition 2.12: (Al Tahan et. al., 2021) Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be a fuzzy 
multiset over 𝒩 then 𝒜 is said to be a fuzzy multi ideal of 𝑁𝑅 𝒩 if ∀ 𝑠, 𝑡 𝜖 𝒩 the 
following condition satisfies; 
III. 𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) 
IV. 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡)  
V. 𝒞ℳ𝒜(𝑠 + 𝑡 − 𝑠) ≥ 𝒞ℳ𝒜(𝑡) 

VI. 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑡)  
VII. 𝒞ℳ𝒜((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≥ 𝒞ℳ𝒜(𝑎) ∀ 𝑎 𝜖 𝒩   

4. Main Result 

Definition 3.1: Let (𝒩, +,∙) be a 𝑁𝑅. An intuitionistic multi-fuzzy set 𝒜 is an 

intuitionistic multi-fuzzy sub-NR over 𝒩. If ∀ 𝑠, 𝑡 𝜖 𝒩, the following conditions are 

satisfied; 

I. 𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) and 𝒞𝒩𝒜(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) 

II. 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) and 𝒞𝒩𝒜(𝑠 ∙ 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) 

Where 𝒞ℳ𝒜  and 𝒞𝒩𝒜  count membership and count non-membership functions, 

respectively. 

Example 7. Let (ℤ, +,∙) be a 𝑁𝑅 under standard addition and multiplication. Then, A 

is an intuitionistic multi-fuzzy sub-NR over  ℤ  with fuzzy count functions given by; 

𝒞ℳ𝒜 = {
(0.21,0.21,0.21)    if 𝑠 even number

0                            otherwise
  

𝒞𝒩𝒜 = {
(0.79,0.79,0.79)    if 𝑠 even number

1                           otherwise
 

Definition 3.2: Let (𝒩, +,∙) be a 𝑁𝑅. An intuitionistic multi-fuzzy set 𝒜 is considered 

an intuitionistic fuzzy multi-ideal of 𝒩. If  ∀ 𝑠, 𝑡 𝜖 𝒩, the following conditions are 

satisfied; 

𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) and 𝒞𝒩𝒜(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) 

𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡)  and 𝒞𝒩𝒜(𝑠 ⋅ 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) 

𝒞ℳ𝒜(𝑠 + 𝑡 − 𝑠) ≥ 𝒞ℳ𝒜(𝑡) and 𝒞𝒩𝒜(𝑠 + 𝑡 − 𝑠) ≤ 𝒞𝒩𝒜(𝑡) 

𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑡) and 𝒞𝒩𝒜(𝑠 ⋅ 𝑡) ≤  𝒞𝒩𝒜(𝑡) 

𝒞ℳ𝒜((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≥ 𝒞ℳ𝒜(𝑎)  and 

 𝒞𝒩𝒜((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≤ 𝒞𝒩𝒜(𝑎)     ∀ 𝑎 𝜖 𝒩 

Example 8. Let (ℤ, +,∙) be a 𝑁𝑅 under standard addition and multiplication. Then, A is 

an intuitionistic multi-fuzzy ideal of  ℤ with fuzzy count functions given by; 

𝒞ℳ𝒜 = {
(1,0.9,0.7,0.5,0.4)   if 𝑠 is a multiple of  3

(0.9,0.6,0.3)                       otherwise
  

𝒞𝒩𝒜 = {
(0.1,0.3,0.5,0.6)  if 𝑠 is multiple of  3

(0.1,0.4,0.7)                    otherwise
 

Remark 5. Every intuitionistic multi-fuzzy ideal of a 𝑁𝑅. 𝒩 is an intuitionistic multi-

fuzzy sub-NR of 𝒩. 

This study then demonstrates some exciting results for intuitionistic multi-fuzzy 

near-rings, which are proven for other algebraic structures (Al-Tahan et. al., 2021). 

Proposition 3.3: Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy sub-

NRs of 𝒩, then 𝒜 ∩ ℬ is also an intuitionistic multi-fuzzy sub 𝑁𝑅 of 𝒩. 
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Proof. Let 𝒜, ℬ be two intuitionistic multi-fuzzy sub-NRs of 𝒩, then ∀ 𝑠, 𝑡 𝜖 𝒩, we are 

to show conditions of definition 3.1. 

𝒞ℳ𝒜∩ℬ(𝑠 − 𝑡) = 𝒞ℳ𝒜(𝑠 − 𝑡) ∧ 𝒞ℳℬ(𝑠 − 𝑡)

≥ {𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡)} ∧ {𝒞ℳℬ(𝑠) ∧ 𝒞ℳℬ(𝑡)}

=  {𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳℬ(𝑠)} ∧ {𝒞ℳ𝒜(𝑡) ∧ 𝒞ℳℬ(𝑡)}

= 𝒞ℳ𝒜∩ℬ(𝑠) ∧ 𝒞ℳ𝒜∩ℬ(𝑡) ⇒ 𝒞ℳ𝒜∩ℬ(𝑠 − 𝑡)

≥ 𝒞ℳ𝒜∩ℬ(𝑠) ∧ 𝒞ℳ𝒜∩ℬ(𝑡) 

And, 𝒞𝒩𝒜∩ℬ(𝑠 − 𝑡) = 𝒞𝒩𝒜(𝑠 − 𝑡) ∨ 𝒞𝒩ℬ(𝑠 − 𝑡) ≤ {𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡)} ∨

{𝒞𝒩ℬ(𝑠) ∨ 𝒞𝒩ℬ(𝑡)} =  {𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩ℬ(𝑠)} ∨ {𝒞𝒩𝒜(𝑡) ∨ 𝒞𝒩ℬ(𝑡)} = 𝒞𝒩𝒜∩ℬ(𝑠) ∨

𝒞𝒩𝒜∩ℬ(𝑡) ⇒ 𝒞𝒩𝒜∩ℬ(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜∩ℬ(𝑠) ∨ 𝒞𝒩𝒜∩ℬ(𝑡) 

Also, 𝒞ℳ𝒜∩ℬ(𝑠 ∙ 𝑡) = 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ∧ 𝒞ℳℬ(𝑠 ∙ 𝑡) ≥ {𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡)} ∧

{𝒞ℳℬ(𝑠) ∧ 𝒞ℳℬ(𝑡)} = {𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳℬ(𝑠)} ∧ {𝒞ℳ𝒜(𝑡) ∧ 𝒞ℳℬ(𝑡)} = 𝒞ℳ𝒜∩ℬ(𝑠) ∧

𝒞ℳ𝒜∩ℬ(𝑡) ⇒ 𝒞ℳ𝒜∩ℬ(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜∩ℬ(𝑠) ∧ 𝒞ℳ𝒜∩ℬ(𝑡) 

And, 𝒞𝒩𝒜∩ℬ(𝑠 ∙ 𝑡) = 𝒞𝒩𝒜(𝑠 ∙ 𝑡) ∨ 𝒞𝒩ℬ(𝑠 ∙ 𝑡) ≤ {𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡)} ∨ {𝒞𝒩ℬ(𝑠) ∨

𝒞𝒩ℬ(𝑡)} =  {𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩ℬ(𝑠)} ∨ {𝒞𝒩𝒜(𝑡) ∨ 𝒞𝒩ℬ(𝑡)} = 𝒞𝒩𝒜∩ℬ(𝑠) ∨ 𝒞𝒩𝒜∩ℬ(𝑡) ⇒

𝒞𝒩𝒜∩ℬ(𝑠 ∙ 𝑡) ≤ 𝒞𝒩𝒜∩ℬ(𝑠) ∨ 𝒞𝒩𝒜∩ℬ(𝑡)         

Corollary 1. Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜𝒾  be an intuitionistic multi-fuzzy sub-NRs 

of 𝒩 for 𝒾 = 1,2,3, … 𝑛, then ∩𝒾=1
𝑛  𝒜𝒾 is also an intuitionistic multi-fuzzy sub-NR 

of 𝒩. 

Proposition 3.4: (Al-Tahan et. al., 2021 & Shinoj et. al., 2015) Let (𝒩, +,∙) be a 𝑁𝑅, 

and 𝒜 𝒶𝓃𝒹 ℬ be intuitionistic multi-fuzzy ideals of  𝒩. Then, 𝒜 ∩ ℬ is also an 

intuitionistic multi-fuzzy ideal of 𝒩. 

Proof. Let 𝒜, ℬ be two intuitionistic multi-fuzzy ideals of 𝒩, then ∀ 𝑠, 𝑡 𝜖 𝒩, we are 

to show conditions of definition 3.2. The first two have been done in proposition 3.3. 

⇒ 𝒞ℳ𝒜∩ℬ(𝑠 + 𝑡 − 𝑠) = 𝒞ℳ𝒜(𝑠 + 𝑡 − 𝑠) ∧  𝒞ℳℬ(𝑠 + 𝑡 − 𝑠) ≥  𝒞ℳ𝒜(𝑡) ∧ 𝒞ℳℬ(𝑡) 

Since 𝒜 and ℬ are IMFI’s ⇒ 𝒞ℳ𝒜∩ℬ(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜∩ℬ(𝑡) 

And, 𝒞𝒩𝒜∩ℬ(𝑠 + 𝑡 − 𝑠) = 𝒞𝒩𝒜(𝑠 + 𝑡 − 𝑠) ∨ 𝒞𝒩ℬ(𝑠 + 𝑡 − 𝑠) ≤  𝒞𝒩𝒜(𝑡) ∨ 𝒞𝒩ℬ(𝑡) 

⇒ 𝒞𝒩𝒜∩ℬ(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜∩ℬ(𝑡) 

Moreover, 𝒞ℳ𝒜∩ℬ(𝑠 ∙ 𝑡) = 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ∧  𝒞ℳℬ(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑡) ∧ 𝒞ℳℬ(𝑡) 

⇒ 𝒞ℳ𝒜∩ℬ(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜∩ℬ(𝑡) 

Also, 𝒞𝒩𝒜∩ℬ(𝑠 ∙ 𝑡) = 𝒞𝒩𝒜(𝑠 ∙ 𝑡) ∨  𝒞𝒩ℬ(𝑠 ∙ 𝑡) ≤ 𝒞𝒩𝒜(𝑡) ∨ 𝒞𝒩ℬ(𝑡) 

⇒ 𝒞𝒩𝒜∩ℬ(𝑠 ∙ 𝑡) ≤ 𝒞𝒩𝒜∩ℬ(𝑡) 

Let 𝑎 𝜖 𝒰 then 𝒞ℳ𝒜∩ℬ((𝑠 + 𝑎)𝑡 − 𝑠𝑡) = 𝒞ℳ𝒜((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ∧ 𝒞ℳℬ((𝑠 + 𝑎)𝑡 −

𝑠𝑡) ≥ 𝒞ℳ𝒜(𝑎) ∧ 𝒞ℳℬ(𝑎) 

Because 𝒜 and ℬ are IMFI’s ⇒ 𝒞ℳ𝒜∩ℬ((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≥ 𝒞ℳ𝒜∩ℬ(𝑎) 

And, 𝒞𝒩𝒜∩ℬ((𝑠 + 𝑎)𝑡 − 𝑠𝑡) = 𝒞𝒩𝒜((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ∨ 𝒞𝒩ℬ((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≤ 𝒞𝒩𝒜(𝑎) ∨

𝒞𝒩ℬ(𝑎) ⇒ 𝒞𝒩𝒜∩ℬ((𝑠 + 𝑎)𝑡 − 𝑠𝑡) ≤ 𝒞𝒩𝒜∩ℬ(𝑎)         ∎ 

Corollary 2. Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜𝒾  be the intuitionistic multi-fuzzy ideal of 

𝑁𝑅s of 𝒩 for 𝒾 = 1,2,3, … , 𝑛 then ∩𝒾=1
𝑛  𝒜𝒾 is also an intuitionistic multi-fuzzy ideal 

of 𝒩. 
Example 9. Let (𝑍3, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy ideals 

of 𝑍3 given by; 

𝒜 = {< 0, (0.9,0.9,0.5,0.5), (0.1,0.1,0.5,0.5) >, < 1, (0.7,0.3,0.1,0.1), (0.3,0.7,0.9,0.9)

>, < 2, (0.7,0.3,0.1,0.1), (0.3,0.7,0.9,0.9) >} 
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And 

ℬ = {< 0, (0.7,0.7,0.7), (0.3,0.3,0.3) >, < 1, (0.5,0.5,0.2), (0.5,0.5,0.8) >,

< 2, (0.5,0.5,0.2), (0.5,0.5,0.8) >} 

𝒜 ∩ ℬ = {< 0, (0.7,0.7,0.5), (0.3,0.3,0.5) >, < 1, (0.5,0.3,0.1), (0.5,0.7,0.9) >,

< 2, (0.5,0.3,0.1), (0.5,0.7,0.9) >} 

It also satisfies the conditions of definition 3.2 and forms an intuitionistic multi-fuzzy 

ideal of 𝑍3. 

Remark 6. Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy ideals 

of 𝒩. Then, 𝒜 ∪ ℬ may or may not be an intuitionistic multi-fuzzy ideal of 𝒩. 

Example 10. Let (ℤ, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy ideals 

of ℤ given by; 

𝒞ℳ𝒜(𝑠) = {
(0.6,0.6)       if 𝑠 is multiple of 5
(0.3,0.2)                        otherwise

 

𝒞𝒩𝒜(𝑠) = {
(0.4,0.4)       if 𝑠 is multiple of 5
(0.7,0.8)                        otherwise

 

And, 

𝒞ℳℬ(𝑠) = {
(0.5,0.4)               if  2/𝑠
(0.4,0.3)         otherwise

 

𝒞𝒩ℬ(𝑠) = {
(0.5,0.6)                  if  2/𝑠 
(0.6,0.7)         otherwise

 

Then, 

𝒞ℳ𝒜∪ℬ(𝑠) = {

(0.6,0.6)      if  𝑠 is multiple of 5 and 2/𝑠 
(0.5,0.4)                                                 if  2/𝑠
(0.4,0.3)                                         otherwise

 

𝒞𝒩𝒜∪ℬ(𝑠) = {

(0.4,0.4)      if  𝑠 is multiple of 5 and 2/𝑠 
(0.5,0.6)                                                 if  2/𝑠
(0.6,0.7)                                         otherwise

 

So, 𝒞ℳ𝒜∪ℬ(6 − 5) ≱ 𝒞ℳ𝒜∪ℬ(6) ∧ 𝒞ℳ𝒜∪ℬ(5)  𝑀 Vble number   𝑜𝑡       of definition 

3.2 and form intuitionistic fuzzy multi ideal of 𝒞𝒩𝒜∪ℬ(6 − 5) ≰ 𝒞ℳ𝒜∪ℬ(6) ∨

𝒞ℳ𝒜∪ℬ(5). 

 

It does not satisfy the conditions of definition 3.2 and does not form the intuitionistic 

multi-fuzzy ideal of ℤ. 

Proposition 3.5: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy ideal 

of 𝒩 (Shinoj et. al. , 2015), then; 

𝒞ℳ𝒜(𝑠) ≤ 𝒞ℳ𝒜(0) and 𝒞𝒩𝒜(𝑠) ≥ 𝒞𝒩𝒜(0) ∀ 𝑠 𝜖 𝒩 

𝒞ℳ𝒜(−𝑠) = 𝒞ℳ𝒜(𝑠) and 𝒞𝒩𝒜(−𝑠) = 𝒞𝒩𝒜(𝑠)  ∀ 𝑠 𝜖 𝒩 

𝒞ℳ𝒜(𝑠 + 𝑡 − 𝑠) = 𝒞ℳ𝒜(𝑡) and 𝒞𝒩𝒜(𝑠 + 𝑡 − 𝑠) = 𝒞𝒩𝒜(𝑡)  ∀ 𝑠, 𝑡 𝜖 𝒩 

Proof 1). Let 𝑠 𝜖 𝒩, then we have 

𝒞ℳ𝒜(0) = 𝒞ℳ𝒜(𝑠 − 𝑠) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑠) ≥ 𝒞ℳ𝒜(𝑠)  

Also, 𝒞𝒩𝒜(0) = 𝒞𝒩𝒜(𝑠 − 𝑠) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑠) ≤ 𝒞𝒩𝒜(𝑠)        
Proof 2). Let 𝑠 𝜖 𝒩, then we have 

𝒞ℳ𝒜(−𝑠) = 𝒞ℳ𝒜(0 − 𝑠) ≥ 𝒞ℳ𝒜(0) ∧ 𝒞ℳ𝒜(𝑠) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(𝑠) 

Also, 𝒞𝒩𝒜(−𝑠) = 𝒞𝒩𝒜(0 − 𝑠) ≤ 𝒞𝒩𝒜(0) ∨ 𝒞𝒩𝒜(𝑠) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑠) =

𝒞𝒩𝒜(𝑠)       
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Proof 3). Is straight forward  

Proposition 3.6: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy ideal 

of 𝒩 if; 

𝒞ℳ𝒜(𝑠 − 𝑡) = 𝒞ℳ𝒜(0)  ⇒  𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(𝑡) and 

 𝒞𝒩𝒜(𝑠 − 𝑡) = 𝒞𝒩𝒜(0) ⇒ 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(𝑡)  

Proof. Let 𝒜 be an intuitionistic multi-fuzzy ideal of 𝒩 and 𝒞ℳ𝒜(𝑠 − 𝑡) = 𝒞ℳ𝒜(0) 

∀ 𝑠, 𝑡 𝜖 𝒩 then, 

𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(𝑠 − 𝑡 + 𝑡) ≥ 𝒞ℳ𝒜(𝑠 − 𝑡) ∧ 𝒞ℳ𝒜(𝑡) ≥ 𝒞ℳ𝒜(0) ∧ 𝒞ℳ𝒜(𝑡)  

Using proposition 3.5 

, 𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(𝑡. ) 

Also, suppose that 𝒞𝒩𝒜(𝑠 − 𝑡) = 𝒞ℳ𝒜(0) ∀ 𝑠, 𝑡 𝜖𝒩. Then, 

𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(𝑠 − 𝑡 + 𝑡) ≤ 𝒞𝒩𝒜(𝑠 − 𝑡) ∨ 𝒞𝒩𝒜(𝑡) ≤ 𝒞𝒩𝒜(0) ∨ 𝒞𝒩𝒜(𝑡) 

⇒ 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(𝑡)     

Definition 3.7: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy set 

of 𝒩, then 𝒜∗ is defined as 𝒜∗ = { 𝑠 𝜖 𝒩 such that 𝒞ℳ𝒜(𝑠) =

𝒞ℳ𝒜(0) and 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(0)}. 

Example 11. Let (ℤ, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy ideals 

of ℤ defined in example 10 

. 𝒯𝒽ℯ𝓃, 𝒜∗ =  5ℤ 

Example 12. Let (𝑍3, +,∙) be a 𝑁𝑅 and ℬ be an intuitionistic multi-fuzzy ideal of 𝑍3 

defined in example 9. 𝒯𝒽ℯ𝓃, ℬ∗ = ∅ 

Lemma3.8: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy ideal 

of 𝒩 then; 

 𝒞ℳ𝒜(𝑠) ≤ 𝒞ℳ𝒜(0) and  𝒞𝒩𝒜(𝑠) ≥ 𝒞𝒩𝒜(0) ∀ 𝑠 𝜖𝒩   

Proof. The proof is done in proposition 3.5. 

Proposition 3.9: Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be an intuitionistic multi-fuzzy sub-NR 

of 𝒩, then 𝒜∗ is also sub-NR of 𝒩 (Shinoj et. al. , 2015)  . 

Proof. Let 𝑠, 𝑡 𝜖 𝒜∗then, 

𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(0) and 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(0) 

𝒞ℳ𝒜(𝑡) = 𝒞ℳ𝒜(0) and 𝒞𝒩𝒜(𝑡) = 𝒞𝒩𝒜(0)  

𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) = 𝒞ℳ𝒜(0) and that 𝒞ℳ𝒜(𝑠) ≤ 𝒞ℳ𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞ℳ𝒜(𝑠 − 𝑡) = 𝒞ℳ𝒜(0) 

Also, 𝒞𝒩𝒜(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) = 𝒞𝒩𝒜(0) and that 𝒞𝒩𝒜(𝑠) ≥

𝒞𝒩𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞𝒩𝒜(𝑠 − 𝑡) = 𝒞𝒩𝒜(0) 

hence 𝑠 − 𝑡 𝜖 𝒜∗  

Moreover, 𝒞ℳ𝒜(𝑠 ⋅ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) = 𝒞ℳ𝒜(0) and that 𝒞ℳ𝒜(𝑠) ≤

𝒞ℳ𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞ℳ𝒜(𝑠 ⋅ 𝑡) = 𝒞ℳ𝒜(0) 

Also, 𝒞𝒩𝒜(𝑠 ⋅ 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) = 𝒞𝒩𝒜(0) and that 𝒞𝒩𝒜(𝑠) ≥ 𝒞𝒩𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞𝒩𝒜(𝑠 ⋅ 𝑡) = 𝒞𝒩𝒜(0) 

hence 𝑠 ⋅ 𝑡 𝜖 𝒜∗         

Proposition 3.10: (Al-Tahan et. al. 2021) Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an 

intuitionistic multi-fuzzy ideal of 𝒩, then 𝒜∗ is also an ideal of 𝒩. 
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Proof. Let 𝑠 𝜖 𝒜∗ and 𝑎, 𝑏 𝜖 𝒩 then, 

𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(0) and 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(0) 

⇒ 𝒞ℳ𝒜(𝑎 + 𝑠 − 𝑎) ≥ 𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(0) and that 𝒞ℳ𝒜(𝑠) ≤ 𝒞ℳ𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞ℳ𝒜(𝑎 + 𝑠 − 𝑎) = 𝒞ℳ𝒜(0) 

Also, 𝒞𝒩𝒜(𝑎 + 𝑠 − 𝑎) ≤ 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(0) and that 𝒞𝒩𝒜(𝑠) ≥ 𝒞𝒩𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞𝒩𝒜(𝑎 + 𝑠 − 𝑎) = 𝒞𝒩𝒜(0) 

hence(𝑎 + 𝑠 − 𝑎) 𝜖 𝒜∗  

Moreover, 𝒞ℳ𝒜(𝑎 ∙ 𝑠) ≥ 𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(0) and that 𝒞ℳ𝒜(𝑠) ≤ 𝒞ℳ𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞ℳ𝒜(𝑎 ∙ 𝑠) = 𝒞ℳ𝒜(0) 

Also, 𝒞𝒩𝒜(𝑎 ∙ 𝑠) ≤ 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(0) and that 𝒞𝒩𝒜(𝑠) ≥ 𝒞𝒩𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞𝒩𝒜(𝑎 ∙ 𝑠) = 𝒞𝒩𝒜(0) 

hence 𝑎 ∙ 𝑠 𝜖 𝒜∗  

Now, 𝒞ℳ𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) ≥ 𝒞ℳ𝒜(𝑠) = 𝒞ℳ𝒜(0) and that 𝒞ℳ𝒜(𝑠) ≤

𝒞ℳ𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞ℳ𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) = 𝒞ℳ𝒜(0) 

 Also 𝒞𝒩𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) ≤ 𝒞𝒩𝒜(𝑠) = 𝒞𝒩𝒜(0) and that 𝒞𝒩𝒜(𝑠) ≥ 𝒞𝒩𝒜(0) ∀ 𝑠 𝜖 𝒩 

⇒ 𝒞𝒩𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) = 𝒞𝒩𝒜(0) 

Hence ((𝑎 + 𝑠)𝑏 − 𝑎𝑏) 𝜖 𝒜∗    

Definition 3.11: Let  𝒩 be a non-empty set, and 𝒜 be an intuitionistic multi-fuzzy set 

of 𝒩; then the support of 𝒩 can be defined as 𝒜∗ = {𝑠 𝜖 𝒩 such that 𝒞ℳ𝒜(𝑠) >

0 and 𝒞𝒩𝒜(𝑠) < 1 }. 
Example 13. Let (ℤ, +,∙) be a 𝑁𝑅 under standard addition and multiplication, 

and 𝒜 be an intuitionistic multi-fuzzy sub-NR over ℤ defined in example 7, then, 

 𝒜∗ = 2 ℤ 

Proposition 3.12: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy sub 𝑁𝑅 

of 𝒩, then 𝒜∗ is also sub 𝑁𝑅 of 𝒩. 

Proof. Let 𝑠, 𝑡 𝜖 𝒜∗then, 𝒞ℳ𝒜(𝑠) > 0 and 𝒞𝒩𝒜(𝑠) < 1 also 𝒞ℳ𝒜(𝑡) >

0 and 𝒞𝒩𝒜(𝑡) < 1  

⇒ 𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) > 0 ⇒ 𝒞ℳ𝒜(𝑠 − 𝑡) > 0 

Also, 𝒞𝒩𝒜(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) < 1 ⇒ 𝒞𝒩𝒜(𝑠 − 𝑡) < 1 

hence 𝑠 − 𝑡 𝜖 𝒜∗  

Moreover, 𝒞ℳ𝒜(𝑠 ⋅ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) > 0 ⇒ 𝒞ℳ𝒜(𝑠 ⋅ 𝑡) > 0 

Also, 𝒞𝒩𝒜(𝑠 ⋅ 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) < 1 

⇒ 𝒞𝒩𝒜(𝑠 ⋅ 𝑡) < 1 hence 𝑠 ⋅ 𝑡 𝜖 𝒜∗ 

Proposition 3.13: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy ideal 

of 𝒩, then 𝒜∗ is also an ideal of 𝒩. 

Proof. Let 𝑠 𝜖 𝒜∗ and 𝑎, 𝑏 𝜖 𝒩 then 𝒞ℳ𝒜(𝑠) > 0 and 𝒞𝒩𝒜(𝑠) < 1 

⇒ 𝒞ℳ𝒜(𝑎 + 𝑠 − 𝑎) ≥ 𝒞ℳ𝒜(𝑠) > 0 ⇒ 𝒞ℳ𝒜(𝑎 + 𝑠 − 𝑎) > 0 

Also, 𝒞𝒩𝒜(𝑎 + 𝑠 − 𝑎) ≤ 𝒞𝒩𝒜(𝑠) < 1 ⇒ 𝒞𝒩𝒜(𝑎 + 𝑠 − 𝑎) < 1 

hence (𝑎 + 𝑠 − 𝑎) 𝜖 𝒜∗  

Moreover, 𝒞ℳ𝒜(𝑎 ∙ 𝑠) ≥ 𝒞ℳ𝒜(𝑠) > 0 ⇒ 𝒞ℳ𝒜(𝑎 ∙ 𝑠) > 0 

Also, 𝒞𝒩𝒜(𝑎 ∙ 𝑠) ≤ 𝒞𝒩𝒜(𝑠) < 1 ⇒ 𝒞𝒩𝒜(𝑎 ∙ 𝑠) < 1 
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hence 𝑎 ∙ 𝑠 𝜖 𝒜∗  

Now, 𝒞ℳ𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) ≥ 𝒞ℳ𝒜(𝑠) > 0 ⇒ 𝒞ℳ𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) > 0 

 Also 𝒞𝒩𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) ≤ 𝒞𝒩𝒜(𝑠) < 1 ⇒ 𝒞𝒩𝒜((𝑎 + 𝑠)𝑏 − 𝑎𝑏) < 1 

Hence ((𝑎 + 𝑠)𝑏 − 𝑎𝑏) 𝜖 𝒜∗    

Definition 3.14: Let 𝒰 and 𝒱 be two non-empty sets, A and ℬ  be two intuitionistic 

fuzzy multisets of 𝒰 and 𝒱, respectively, then  𝒜 × ℬ can be defined as, 

𝒜 × ℬ(𝓊, 𝓋) = {< (𝓊, 𝓋), 𝒞ℳ𝒜(𝓊) ∧ 𝒞ℳℬ(𝓋),  𝒞𝒩𝒜(𝓊) ∨ 𝒞𝒩ℬ(𝓋) >} 

Proposition 3.15: Let 𝒰 and 𝒱 be two 𝑁𝑅s and 𝒜, ℬ be intuitionistic multi-fuzzy sub-

NR of 𝒰, 𝒱 respectively, then 𝒜 × ℬ is also an intuitionistic multi-fuzzy sub-NR 

of 𝒰 × 𝒱. 

Proof. Let 𝒜 and ℬ be two intuitionistic multi-fuzzy sub-NRs and 

(𝓊1, 𝓋1), (𝓊2, 𝓋2) 𝜖 𝒰 × 𝒱. Then we are to show the conditions of Definition 3.1. 

(I) 

𝒞ℳ𝒜×ℬ((𝓊1 − 𝓊2), (𝓋1 − 𝓋2)) = 𝒞ℳ𝒜(𝓊1 − 𝓊2) ∧ 𝒞ℳℬ(𝓋1 − 𝓋2)

≥ {𝒞ℳ𝒜(𝓊1) ∧ 𝒞ℳ𝒜(𝓊2)} ∧ {𝒞ℳℬ(𝓋1) ∧ 𝒞ℳℬ(𝓋2)}

= {𝒞ℳ𝒜(𝓊1) ∧ 𝒞ℳℬ(𝓋1)} ∧ {𝒞ℳ𝒜(𝓊2) ∧ 𝒞ℳℬ(𝓋2)}

= 𝒞ℳ𝒜×ℬ(𝓊1, 𝓋1) ∧ 𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2) 

⇒ 𝒞ℳ𝒜×ℬ((𝓊1 − 𝓊2), (𝓊1 − 𝓋2)) ≥  𝒞ℳ𝒜×ℬ(𝓊1, 𝓋1) ∧ 𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2) 

And, 

𝒞𝒩𝒜×ℬ((𝓊1 − 𝓊2), (𝓋1 − 𝓋2)) = 𝒞𝒩𝒜(𝓊1 − 𝓊2) ∨ 𝒞𝒩ℬ(𝓋1 − 𝓋2)

≤ {𝒞𝒩𝒜(𝓊1) ∨ 𝒞𝒩𝒜(𝓊2)} ∨ {𝒞𝒩ℬ(𝓋1) ∨ 𝒞𝒩ℬ(𝓋2)}

= {𝒞𝒩𝒜(𝓊1) ∨ 𝒞𝒩ℬ(𝓋1)} ∨ {𝒞𝒩𝒜(𝓊2) ∨ 𝒞𝒩ℬ(𝓋2)}

= 𝒞𝒩𝒜×ℬ(𝓊1, 𝓋1) ∨ 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

⇒ 𝒞𝒩𝒜×ℬ((𝓊1 − 𝓊2), (𝓋1 − 𝓋2))  ≤ 𝒞𝒩𝒜×ℬ(𝓊1 , 𝓋1) ∨ 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

(II) 

𝒞ℳ𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2)) = 𝒞ℳ𝒜(𝓊1𝓊2) ∧ 𝒞ℳℬ(𝓋1𝓋2)

≥ {𝒞ℳ𝒜(𝓊1) ∧ 𝒞ℳ𝒜(𝓊2)} ∧ {𝒞ℳℬ(𝓋1) ∧ 𝒞ℳℬ(𝓋2)}

= {𝒞ℳ𝒜(𝓊1) ∧ 𝒞ℳℬ(𝓋1)} ∧ {𝒞ℳ𝒜(𝓊2) ∧ 𝒞ℳℬ(𝓋2)}

= 𝒞ℳ𝒜×ℬ(𝓊1, 𝓋1) ∧ 𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2) 

⇒ 𝒞ℳ𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2)) ≥  𝒞ℳ𝒜×ℬ(𝓊1, 𝓋1) ∧ 𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2) 

And, 

𝒞𝒩𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2)) = 𝒞𝒩𝒜(𝓊1𝓊2) ∨ 𝒞𝒩ℬ(𝓋1𝓋2)

≤ {𝒞𝒩𝒜(𝓊1) ∨ 𝒞𝒩𝒜(𝓊2)} ∨ {𝒞𝒩ℬ(𝓋1) ∨ 𝒞𝒩ℬ(𝓋2)}

= {𝒞𝒩𝒜(𝓊1) ∨ 𝒞𝒩ℬ(𝓋1)} ∨ {𝒞𝒩𝒜(𝓊2) ∨ 𝒞𝒩ℬ(𝓋2)}

= 𝒞𝒩𝒜×ℬ(𝓊1, 𝓋1) ∨ 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

⇒ 𝒞𝒩𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2))  ≤ 𝒞𝒩𝒜×ℬ(𝓊1, 𝓋1) ∨ 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2)            

Corollary 3. Let 𝒩𝒾  be 𝑁𝑅s and 𝒜𝒾 be intuitionistic multi-fuzzy sub-NR of 𝒩𝒾  for 𝒾 =

1,2, … , 𝑛, then ∏ 𝒜𝒾
𝑛
𝒾=1  is an intuitionistic multi-fuzzy sub-NR of ∏ 𝒩𝒾

𝑛
𝒾=1  where 

𝒞ℳ𝒜1×𝒜2×…×𝒜𝑛
(𝑛1, 𝑛2, … , 𝑛𝑛) = ⋀ 𝒞ℳ𝒜𝒾

(𝑛𝒾)𝑛
𝒾=1  and 𝒞𝒩𝒜1×𝒜2×…×𝒜𝑛

(𝑛1, 𝑛2, … , 𝑛𝑛) =

⋁ 𝒞𝒩𝒜𝒾
(𝑛𝒾)𝑛

𝒾=1  ∀ 𝑛𝒾 𝜖 𝒩𝒾 . 

Proposition 3.16: Let 𝒰 and 𝒱 be two 𝑁𝑅s, and 𝒜 𝒶𝓃𝒹 ℬ be the intuitionistic multi-

fuzzy ideal of 𝒰 and 𝒱, respectively. Then, 𝒜 × ℬ is also an intuitionistic multi-fuzzy 

ideal of 𝒰 × 𝒱 (Al-Tahan et. al., 2021 & Sujatha, 2014). 
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Proof. Let 𝒜 and ℬ be two intuitionistic multi-fuzzy sub-NRs and 

(𝓊1, 𝓋1), (𝓊2, 𝓋2) 𝜖 𝒰 × 𝒱, then we are to show conditions of Definition 3.2. (I) and 

(II) has been done in proposition 3.15 then; 

 𝒞ℳ𝒜×ℬ((𝓊1 + 𝓊2 − 𝓊1), (𝓋1 + 𝓋2 − 𝓋1)) = 𝒞ℳ𝒜(𝓊1 + 𝓊2 − 𝓊1) ∧ 𝒞ℳℬ(𝓋1 +

𝓋2 − 𝓋1) ≥ 𝒞ℳ𝒜(𝓊2) ∧ 𝒞ℳℬ(𝓋2) = 𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2)  ∴  𝒜, ℬ are 𝐼𝑀𝐹𝐼′𝑠 

⇒ 𝒞ℳ𝒜×ℬ((𝓊1 + 𝓊2 − 𝓊1), (𝓋1 + 𝓋2 − 𝓋1)) ≥  𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2) 

and 𝒞𝒩𝒜×ℬ((𝓊1 + 𝓊2 − 𝓊1), (𝓋1 + 𝓋2 − 𝓋1))

= 𝒞𝒩𝒜(𝓊1 + 𝓊2 − 𝓊1) ∨ 𝒞𝒩ℬ(𝓋1 + 𝓋2 − 𝓋1)

≤ 𝒞𝒩𝒜(𝓊2) ∨ 𝒞𝒩ℬ(𝓋2) = 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

⇒ 𝒞𝒩𝒜×ℬ((𝓊1 + 𝓊2 − 𝓊1), (𝓋1 + 𝓋2 − 𝓋1)) ≤  𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

Also, 𝒞ℳ𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2)) = 𝒞ℳ𝒜(𝓊1𝓊2) ∧ 𝒞ℳℬ(𝓋1𝓋2) ≥ 𝒞ℳ𝒜(𝓊2) ∧

𝒞ℳℬ(𝓋2) = 𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2)  ∴  𝒜, ℬ are 𝐼𝑀𝐹𝐼′𝑠 

⇒ 𝒞ℳ𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2)) ≥  𝒞ℳ𝒜×ℬ(𝓊2, 𝓋2) 

And, 𝒞𝒩𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2)) = 𝒞𝒩𝒜(𝓊1𝓊2) ∨ 𝒞𝒩ℬ(𝓋1𝓋2) ≤ 𝒞𝒩𝒜(𝓊2) ∨

𝒞𝒩ℬ(𝓋2) = 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

⇒ 𝒞𝒩𝒜×ℬ((𝓊1𝓊2), (𝓋1𝓋2))  ≤ 𝒞𝒩𝒜×ℬ(𝓊2, 𝓋2) 

 Let 𝑛1, 𝑛2 𝜖 𝒩 then,  

𝒞ℳ𝒜×ℬ((𝓊1 + 𝑛1)𝓊2 − 𝓊1𝓊2), (𝓋1 + 𝑛2)𝓋2 − 𝓋1𝓋2))

= 𝒞ℳ𝒜((𝓊1 + 𝑛1)𝓊2 − 𝓊1𝓊2) ∧ 𝒞ℳℬ((𝓋1 + 𝑛2)𝓋2 − 𝓋1𝓋2)

≥ 𝒞ℳ𝒜(𝑛1) ∧ 𝒞ℳℬ(𝑛2) = 𝒞ℳ𝒜×ℬ(𝑛1, 𝑛2) 

⇒ 𝒞ℳ𝒜×ℬ((𝓊1 + 𝑛1)𝓊2 − 𝓊1𝓊2), (𝓋1 + 𝑛2)𝓋2 − 𝓋1𝓋2)) ≥  𝒞ℳ𝒜×ℬ(𝑛1, 𝑛2) 

And  𝒞𝒩𝒜×ℬ((𝓊1 + 𝑛1)𝓊2 − 𝓊1𝓊2), (𝓋1 + 𝑛2)𝓋2 − 𝓋1𝓋2)) = 𝒞𝒩𝒜((𝓊1 + 𝑛1)𝓊2 −

𝓊1𝓊2) ∨ 𝒞𝒩ℬ((𝓋1 + 𝑛2)𝓋2 − 𝓋1𝓋2) ≤ 𝒞𝒩𝒜(𝑛1) ∨ 𝒞𝒩ℬ(𝑛2) = 𝒞𝒩𝒜×ℬ(𝑛1, 𝑛2) 

⇒ 𝒞𝒩𝒜×ℬ((𝓊1 + 𝑛1)𝓊2 − 𝓊1𝓊2), (𝓋1 + 𝑛2)𝓋2 − 𝓋1𝓋2)) ≤  𝒞𝒩𝒜×ℬ(𝑛1, 𝑛2)        

Corollary 4. Let 𝒩𝒾 be 𝑁𝑅s and 𝒜𝒾 be intuitionistic multi-fuzzy ideals of 

𝒩𝒾 for 𝒾 = 1,2, … , 𝑛, then ∏ 𝒜𝒾
𝑛
𝒾=1  is an intuitionistic multi-fuzzy ideal of 

∏ 𝒩𝒾
𝑛
𝒾=1  where 𝒞ℳ𝒜1×𝒜2×…×𝒜𝑛

(𝑛1, 𝑛2, … , 𝑛𝑛) = ⋀ 𝒞ℳ𝒜𝒾
(𝑛𝒾)𝑛

𝒾=1  

and 𝒞𝒩𝒜1×𝒜2×…×𝒜𝑛
(𝑛1, 𝑛2, … , 𝑛𝑛) = ⋁ 𝒞𝒩𝒜𝒾

(𝑛𝒾)𝑛
𝒾=1  ∀ 𝑛𝒾 𝜖 𝒩𝒾. 

Example 14. Let (ℤ, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy ideals 

of ℤ defined in example 10. Then 𝒜 × ℬ is an intuitionistic multi-fuzzy ideal of  ℤ × ℤ 

with count functions given by; 

𝒞ℳ𝒜×ℬ(𝑠, 𝑡) = {

(0.5,0.4)                    if 𝑠 is multiple of 5 and 2/𝑡
(0.4,0.3)                                    if 𝑠 is multiple of 5
(0.3,0.2)                                                    otherwise

 

𝒞𝒩𝒜×ℬ(𝑠, 𝑡) = {

(0.5,0.6)                     if 𝑠 is multiple of 5 and 2/𝑡
(0.6,0.7)                                     if 𝑠 is multiple of 5
(0.7,0.8)                                                     otherwise

 

  

Definition 3.17: Let  𝒩 be a non-empty set and 𝒜 be an intuitionistic multi-fuzzy set 

of  𝒩 and 𝜃 = {𝜃1, 𝜃2, 𝜃3, … , 𝜃𝑛}, 𝛿 = {𝛿1, 𝛿2, … , 𝛿𝑛} where 𝜃, 𝛿 𝜖 [0,1] with 𝜃 + 𝛿 ≤

1 then level subset of an intuitionistic multi fuzzy set 𝒜 can be defined as; 

(𝒜)𝜃,𝛿 = {𝑠 𝜖  𝒩 | 𝒞ℳ𝒜(𝑠) ≥ 𝜃 𝑎𝑛𝑑 𝒞𝒩𝒜(𝑠) ≤ 𝛿} 
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Proposition 3.18: Let  𝒩 be a non-empty set, and A and ℬ be intuitionistic multi-

fuzzy sets of  𝒩, then the following results hold; 

(𝒜)𝜃,𝛿 ⊆ (𝒜)𝛾,∅ , if 𝜃 ≥ 𝛾 and 𝛿 ≤ ∅ 

(𝒜)1−𝛿,𝛿 ⊆ (𝒜)𝜃,𝛿 ⊆ (𝒜)𝜃,1−𝜃  

𝒜 ⊆ ℬ ⇒ (𝒜)𝜃,𝛿 ⊆ (ℬ)𝜃,𝛿   

(𝒜 ∩ ℬ)𝜃,𝛿 = (𝒜)𝜃,𝛿 ∩ (ℬ)𝜃,𝛿  

(∩ 𝒜𝒾)𝜃,𝛿 =∩ (𝒜𝒾)𝜃,𝛿 

(𝒜)0,1 =  𝒩 

(𝒜 ∪ ℬ)𝜃,𝛿 ⊇ (𝒜)𝜃,𝛿 ∪ (ℬ)𝜃,𝛿  

Remark 7. Equality hold for Vii if 𝜃 + 𝛿 = 1. 
Theorem 3.19: (Sujatha, 2014)  Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be an intuitionistic multi-

fuzzy sub-NR of 𝒩 then (𝒜)𝜃,𝛿  is sub-NR of 𝒩   ∀ 𝜃, 𝛿 𝜖 [0,1] with 𝜃 + 𝛿 ≤

1 and 𝒞ℳ𝒜(0) ≥ 𝜃,  𝒞𝒩𝒜(0) ≤ 𝛿. 

Proof. Given that 𝒞ℳ𝒜(0) ≥ 𝜃, 𝒞𝒩𝒜(0) ≤ 𝛿 and 

 let  𝒜 is an 𝐼𝑀𝐹 sub − 𝑁𝑅 of 𝒩 and  𝑠, 𝑡 𝜖 (𝒜)𝜃,𝛿  

⇒ 𝒞ℳ𝒜(𝑠) ≥ 𝜃, 𝒞𝒩𝒜(𝑠) ≤ 𝛿 and 𝒞ℳ𝒜(𝑡) ≥ 𝜃, 𝒞𝒩𝒜(𝑡) ≤ 𝛿 

⇒ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑠) ≤ 𝛿  

⇒ 𝒞ℳ𝒜(𝑠 − 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜(𝑠 − 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) ≤ 𝛿 

Hence 𝑠 − 𝑡 𝜖 (𝒜)𝜃,𝛿 

Also, 𝒞ℳ𝒜(𝑠 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳ𝒜(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜(𝑠 ∙ 𝑡) ≤ 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡) ≤ 𝛿 

Hence 𝑠. 𝑡 𝜖 (𝒜)𝜃,𝛿   

Theorem 3.20: Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜 be an intuitionistic multi-fuzzy ideal of 𝒩 

then (𝒜)𝜃,𝛿  is an ideal of 𝒩   ∀ 𝜃, 𝛿 𝜖 [0,1] with 𝜃 + 𝛿 ≤ 1 and 𝒞ℳ𝒜(0) ≥

𝜃,  𝒞𝒩𝒜(0) ≤ 𝛿. 

Proof. Given that 𝒞ℳ𝒜(0) ≥ 𝜃, 𝒞𝒩𝒜(0) ≤ 𝛿 and 

 let 𝒜 be an 𝐼𝑀𝐹𝐼 of 𝒩 and 𝑠, 𝑡 𝜖 (𝒜)𝜃,𝛿 and 𝑎, 𝑏 𝜖 𝒩  

⇒ 𝒞ℳ𝒜(𝑠) ≥ 𝜃, 𝒞𝒩𝒜(𝑠) ≤ 𝛿 and 𝒞ℳ𝒜(𝑡) ≥ 𝜃, 𝒞𝒩𝒜(𝑡) ≤ 𝛿. Then we are to show the 

conditions of Definition 3.2. 

⇒ 𝒞ℳ𝒜(𝑎 + 𝑡 − 𝑎) ≥ 𝒞ℳ𝒜(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜(𝑎 + 𝑡 − 𝑎) ≤ 𝒞𝒩𝒜(𝑡) ≤ 𝛿 

Hence 𝑎 + 𝑡 − 𝑎 𝜖 (𝒜)𝜃,𝛿 

Also, 𝒞ℳ𝒜(𝑎 ∙ 𝑡) ≥ 𝒞ℳ𝒜(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜(𝑎 ∙ 𝑡) ≤ 𝒞𝒩𝒜(𝑡) ≤ 𝛿 

Hence 𝑎. 𝑡 𝜖 (𝒜)𝜃,𝛿 

Now, 𝒞ℳ𝒜((𝑎 + 𝑡)𝑏 − 𝑎𝑏) ≥ 𝒞ℳ𝒜(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜((𝑎 + 𝑡)𝑏 − 𝑎𝑏) ≤ 𝒞𝒩𝒜(𝑡) ≤ 𝛿 

Hence ((𝑎 + 𝑡)𝑏 − 𝑎𝑏)𝜖 (𝒜)𝜃,𝛿     

Definition 3.21: If 𝒜 × ℬ is the Cartesian product of two intuitionistic fuzzy multi-

sets and 𝜃 = {𝜃1, 𝜃2, 𝜃3, … , 𝜃𝑛}, 𝛿 = {𝛿1, 𝛿2, … , 𝛿𝑛} where 𝜃, 𝛿 𝜖 [0,1] with 𝜃 + 𝛿 ≤

1 then level subset of 𝒜 × ℬ can be defined as; 

(𝒜 × ℬ)𝜃,𝛿 = {(𝑠, 𝑡) | 𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳℬ(𝑡) ≥ 𝜃 and 𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩ℬ(𝑡) ≤ 𝛿} 

Proposition 3.22: Let  𝒩 be a non-empty set and 𝒜, ℬ be two intuitionistic fuzzy 

multisets of  𝒩, then (𝒜 × ℬ)𝜃,𝛿 =  (𝒜)𝜃,𝛿 × (ℬ)𝜃,𝛿 

Proof. Let (𝑠, 𝑡) 𝜖 (𝒜)𝜃,𝛿 × (ℬ)𝜃,𝛿 ⇔ 𝑠 𝜖 (𝒜)𝜃,𝛿  and 𝑡 𝜖 (ℬ)𝜃,𝛿 ⇔ 𝒞ℳ𝒜(𝑠) ≥

𝜃 and 𝒞𝒩𝒜(𝑠) ≤ 𝛿 also, 𝒞ℳℬ(𝑡) ≥ 𝜃 and 𝒞𝒩ℬ(𝑡) ≤ 𝛿 ⇔ {𝒞ℳ𝒜(𝑠) ∧ 𝒞ℳℬ(𝑡)} ≥

𝜃 𝑎𝑛𝑑 {𝒞𝒩𝒜(𝑠) ∨ 𝒞𝒩𝒜(𝑡)} ≤ 𝛿 ⇔ (𝑠, 𝑡) 𝜖 (𝒜 × ℬ)𝜃,𝛿      
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Hence (𝒜 × ℬ)𝜃,𝛿 =  (𝒜)𝜃,𝛿 × (ℬ)𝜃,𝛿         

Theorem 3.23: Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy sub-

NR of  𝒩, and  𝒜 × ℬ is an intuitionistic multi-fuzzy sub-NR of  𝒩 × 𝒩 then 

(𝒜 × ℬ)𝜃,𝛿  is sub-NR of 𝒩 × 𝒩. 

Proof. Let 𝒜 × ℬ be an 𝐼𝑀𝐹 sub 𝑁𝑅 of 𝒩 × 𝒩 and (𝑠1, 𝑡1), (𝑠2, 𝑡2) 𝜖 (𝒜 × ℬ)𝜃,𝛿  then; 

⇒ 𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) =  𝒞ℳ𝒜(𝑠1) ∧ 𝒞ℳℬ(𝑡1) ≥ 𝜃 and 𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1)

=  𝒞𝒩𝒜(𝑠1) ∨ 𝒞𝒩ℬ(𝑡1) ≥ 𝛿 

similarly, 𝒞ℳ𝒜×ℬ(𝑠2, 𝑡2) =  𝒞ℳ𝒜(𝑠2) ∧ 𝒞ℳℬ(𝑠2) ≥ 𝜃 and 𝒞𝒩𝒜×ℬ(𝑠2, 𝑡2)

=  𝒞𝒩𝒜(𝑠2) ∨ 𝒞𝒩ℬ(𝑡2) ≥ 𝛿  

⇒ 𝒞ℳ𝒜×ℬ{(𝑠1, 𝑡1) − (𝑠2, 𝑡2)} ≥ 𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) ∧ 𝒞ℳ𝒜×ℬ(𝑠2, 𝑡2)

≥ 𝜃 and 𝒞𝒩𝒜×ℬ{(𝑠1, 𝑡1) − (𝑠2, 𝑡2)} ≤ 𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1) ∨ 𝒞𝒩𝒜×ℬ(𝑠2, 𝑡2)

≤ 𝛿 

 ⇒ {(𝑠1, 𝑡1) − (𝑠2, 𝑡2)} 𝜖 (𝒜 × ℬ)𝜃,𝛿 

Also, 𝒞ℳ𝒜×ℬ{(𝑠1, 𝑡1) ∙ (𝑠2, 𝑡2)} ≥ 𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) ∧ 𝒞ℳ𝒜×ℬ(𝑠2, 𝑡2)

≥ 𝜃 and 𝒞𝒩𝒜×ℬ{(𝑠1, 𝑡1) ∙ (𝑠2, 𝑡2)} ≤ 𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1) ∨ 𝒞𝒩𝒜×ℬ(𝑠2, 𝑡2)

≤ 𝛿 

 ⇒ {(𝑠1, 𝑡1) ∙ (𝑠2, 𝑡2)} 𝜖 (𝒜 × ℬ)𝜃,𝛿 

Theorem 3.24: Let (𝒩, +,∙) be a 𝑁𝑅 and 𝒜, ℬ be two intuitionistic multi-fuzzy ideals 

of 𝒩 and 𝒜 × ℬ is an intuitionistic multi-fuzzy ideal of 𝒩 × 𝒩. 𝒯𝒽ℯ𝓃, (𝒜 × ℬ)𝜃,𝛿 is 

an ideal of 𝒩 × 𝒩 (Sujatha, 2014). 

Proof. Let 𝒜 × ℬ be an 𝐼𝑀𝐹𝐼 of 𝒩 × 𝒩 and (𝑠1, 𝑡1)𝜖 (𝒜 ×

ℬ)𝜃,𝛿  (𝑎1, 𝑏1), (𝑎2, 𝑏2) 𝜖 𝒩 × 𝒩 then; 𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) ≥ 𝜃, 𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1) ≤ 𝛿   

⇒ 𝒞ℳ𝒜×ℬ{(𝑎1, 𝑏1) + (𝑠1, 𝑡1) − (𝑎1, 𝑏1)} ≥  𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) ≥ 𝜃  

And, 𝒞𝒩𝒜×ℬ{(𝑎1, 𝑏1) + (𝑠1, 𝑡1) − (𝑎1, 𝑏1)} ≤ 𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1) ≤ 𝛿   

⇒ {(𝑎1, 𝑏1) + (𝑠1, 𝑡1) − (𝑎1, 𝑏1)} 𝜖 (𝒜 × ℬ)𝜃,𝛿 

Also, 𝒞ℳ𝒜×ℬ{(𝑎1, 𝑏1) ∙ (𝑠1, 𝑡1)} ≥  𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) ≥ 𝜃 and 𝒞𝒩𝒜×ℬ{(𝑎1, 𝑏1) ∙ (𝑠1, 𝑡1)} ≤

 𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1) ≤ 𝛿  

⇒ {(𝑎1, 𝑏1) ∙ (𝑠1, 𝑡1)} 𝜖 (𝒜 × ℬ)𝜃,𝛿  

Also, 𝒞ℳ𝒜×ℬ{((𝑎1, 𝑏1) + (𝑠1, 𝑡1))(𝑎2, 𝑏2) − (𝑎1, 𝑏1)(𝑎2, 𝑏2)} ≥  𝒞ℳ𝒜×ℬ(𝑠1, 𝑡1) ≥ 𝜃  

And 𝒞𝒩𝒜×ℬ{((𝑎1, 𝑏1) + (𝑠1, 𝑡1))(𝑎2, 𝑏2) − (𝑎1, 𝑏1)(𝑎2, 𝑏2)} ≤  𝒞𝒩𝒜×ℬ(𝑠1, 𝑡1) ≤ 𝛿  

⇒ {((𝑎1, 𝑏1) + (𝑠1, 𝑡1))(𝑎2, 𝑏2) − (𝑎1, 𝑏1)(𝑎2, 𝑏2)} 𝜖 (𝒜 × ℬ)𝜃,𝛿    

Lemma 3.25: Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy ideal 

of 𝒩 then; 𝒞ℳ𝒜(𝑎1 +  𝑎2 + ⋯ + 𝑎𝑛) ≥ ⋀ 𝒞ℳ𝒜(𝑎𝒾) 1≤𝒾≤𝑛 and 𝒞𝒩𝒜(𝑎1 + 𝑎2 + ⋯ +

𝑎𝑛) ≤ ⋁ 𝒞𝒩𝒜(𝑎𝒾)     ∀ 𝑎𝒾1≤𝒾≤𝑛 𝜖 𝒩 

Theorem 3.26: Let (𝒩, +,∙) be a 𝑁𝑅 under standard addition and multiplication is 

defined as 𝑎 ∙ 𝑏 = 𝑏 ∀ 𝑎, 𝑏 𝜖𝒩, and 𝒜 be an intuitionistic multi-fuzzy ideal of 𝒩. 

Then, 𝒜′is an intuitionistic multi-fuzzy ideal of (matrix near ring) ℳ𝑛(𝒩) where 

𝒞ℳ𝒜′  and 𝒞𝒩𝒜′  can be defined as; 𝒞ℳ𝒜′([𝑎𝒾𝒿]) =

⋀ 𝒞ℳ𝒜(𝑎𝒾𝒿) 1≤𝒾,𝒿≤𝑛 𝑎𝑛𝑑 𝒞𝒩𝒜′([𝑎𝒾𝒿]) = ⋁ 𝒞𝒩𝒜′1≤𝒾,𝒿≤𝑛 (𝑎𝒾𝒿) ∀ 𝑎𝒾𝒿 , 𝑏𝒾𝒿 𝜖 ℳ𝑛(𝒩). 

Proof. Let [𝑎𝒾𝒿] , [𝑏𝒾𝒿] 𝜖 ℳ𝑛(𝒩) then we are to show conditions of Definition 3.2.  

𝒞ℳ𝒜′([𝑎𝒾𝒿] − [𝑏𝒾𝒿]) = ⋀ 𝒞ℳ𝒜(𝑎𝒾𝒿 − 𝑏𝒾𝒿) 1≤𝒾,𝒿≤𝑛 ≥ ⋀ {𝒞ℳ𝒜(𝑎𝒾𝒿)  ∧1≤𝒾,𝒿≤𝑛

 𝒞ℳ𝒜(𝑏𝒾𝒿)} = {⋀ 𝒞ℳ𝒜(𝑎𝒾𝒿)1≤𝒾,𝒿≤𝑛 } ∧ { ⋀ 𝒞ℳ𝒜(𝑏𝒾𝒿) 1≤𝒾,𝒿≤𝑛 } =  𝒞ℳ𝒜′([𝑎𝒾𝒿]) ∧

 𝒞ℳ𝒜′([𝑏𝒾𝒿]) 
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And 𝒞𝒩𝒜′([𝑎𝒾𝒿] − [𝑏𝒾𝒿]) = ⋁ 𝒞𝒩𝒜(𝑎𝒾𝒿 − 𝑏𝒾𝒿)1≤𝒾,𝒿≤𝑛 ≤

⋁ {𝒞𝒩𝒜(𝑎𝒾𝒿)  ∨1≤𝒾,𝒿≤𝑛 𝒞𝒩𝒜(𝑏𝒾𝒿)} = {⋁ 𝒞𝒩𝒜(𝑎𝒾𝒿)1≤𝒾,𝒿≤𝑛 } ∨ { ⋁ 𝒞𝒩𝒜(𝑏𝒾𝒿)1≤𝒾,𝒿≤𝑛 } =

 𝒞𝒩𝒜′([𝑎𝒾𝒿]) ∨  𝒞𝒩𝒜′([𝑏𝒾𝒿]) 

(II) and (IV) of definition 3.2; Since [𝑎𝒾𝒿] . [𝑏𝒾𝒿] = [𝑐𝒾𝒿] where 𝑐𝒾𝒿 =  𝑏1𝒿 + 𝑏2𝒿 + ⋯ +

𝑏𝑛𝒿 ⇒ 𝒞ℳ𝒜′([𝑎𝒾𝒿] ∙ [𝑏𝒾𝒿]) = 𝒞ℳ𝒜′([𝑐𝒾𝒿]) = ⋀ 𝒞ℳ𝒜(𝑐𝒾𝒿)1≤𝒾,𝒿≤𝑛 =

⋀ 𝒞ℳ𝒜(𝑐1𝒿)1≤𝒾,𝒿≤𝑛  but 𝒞ℳ𝒜(𝑐1𝒿) ≥ 𝒞ℳ𝒜(𝑏1𝒿) ∧ 𝒞ℳ𝒜(𝑏2𝒿) ∧ … ∧ 𝒞ℳ𝒜(𝑏𝑛𝒿) ⇒

𝒞ℳ𝒜′([𝑎𝒾𝒿] ∙ [𝑏𝒾𝒿]) ≥ 𝒞ℳ𝒜(𝑏1𝒿) ∧ 𝒞ℳ𝒜(𝑏2𝒿) ∧ … ∧ 𝒞ℳ𝒜(𝑏𝑛𝒿) =

⋀ 𝒞ℳ𝒜(𝑏𝒾𝒿)1≤𝒾,𝒿≤𝑛 = 𝒞ℳ𝒜′([𝑏𝒾𝒿]) 

And 𝒞𝒩𝒜′([𝑎𝒾𝒿] ∙ [𝑏𝒾𝒿]) = 𝒞𝒩𝒜′([𝑐𝒾𝒿]) = ⋁ 𝒞𝒩𝒜(𝑐𝒾𝒿)1≤𝒾,𝒿≤𝑛 =

⋁ 𝒞𝒩𝒜(𝑐1𝒿)1≤𝒾,𝒿≤𝑛  but 𝒞𝒩𝒜(𝑐1𝒿) ≤ 𝒞𝒩𝒜(𝑏1𝒿) ∨ 𝒞𝒩𝒜(𝑏2𝒿) ∨ … ∨ 𝒞𝒩𝒜(𝑏𝑛𝒿) ⇒

𝒞𝒩𝒜′([𝑎𝒾𝒿] ∙ [𝑏𝒾𝒿]) ≤ 𝒞𝒩𝒜(𝑏1𝒿) ∨ 𝒞𝒩𝒜(𝑏2𝒿) ∨ … ∨ 𝒞𝒩𝒜(𝑏𝑛𝒿) = ⋁ 𝒞𝒩𝒜(𝑏1𝒿)1≤𝒾,𝒿≤𝑛 =

𝒞𝒩𝒜′([𝑏𝒾𝒿]) 

Also, 𝒞ℳ𝒜′([𝑎𝒾𝒿] + [𝑏𝒾𝒿] − [𝑎𝒾𝒿]) = ⋀ 𝒞ℳ𝒜(𝑎𝒾𝒿 + 𝑏𝒾𝒿 − 𝑎𝒾𝒿) 1≤𝒾,𝒿≤𝑛 ≥

⋀ 𝒞ℳ𝒜(𝑏𝒾𝒿)1≤𝒾,𝒿≤𝑛 = 𝒞ℳ𝒜′([𝑏𝒾𝒿]) and 𝒞𝒩𝒜′([𝑎𝒾𝒿] + [𝑏𝒾𝒿] − [𝑎𝒾𝒿]) =

⋁ 𝒞𝒩𝒜(𝑎𝒾𝒿 + 𝑏𝒾𝒿 − 𝑎𝒾𝒿)1≤𝒾,𝒿≤𝑛 ≤ ⋁ 𝒞𝒩𝒜(𝑏𝒾𝒿)1≤𝒾,𝒿≤𝑛 = 𝒞𝒩𝒜′([𝑏𝒾𝒿]) 

 Let [𝑐𝒾𝒿] 𝜖 ℳ𝑛(𝒩) and {([𝑎𝒾𝒿] + [𝑏𝒾𝒿])[𝑐𝒾𝒿] − [𝑎𝒾𝒿][𝑐𝒾𝒿]} = [𝑑𝒾𝒿] where 𝑑𝒾𝒿 = 0 ∀ 1 ≤

i, 𝒿 ≤ n then 𝒞ℳ𝒜′([𝑑𝒾𝒿]) = ⋀ 𝒞ℳ𝒜(𝑑𝒾𝒿) = 𝒞ℳ𝒜(0)1≤𝒾,𝒿≤𝑛 ≥ 𝒞ℳ𝒜(𝑏𝒾𝒿) =

𝒞ℳ𝒜′([𝑏𝒾𝒿]) 

And 𝒞𝒩𝒜′([𝑑𝒾𝒿]) = ⋁ 𝒞𝒩𝒜(𝑑𝒾𝒿)1≤𝒾,𝒿≤𝑛 = 𝒞𝒩𝒜(0) ≤ 𝒞𝒩𝒜(𝑏𝒾𝒿) = 𝒞𝒩𝒜′([𝑏𝒾𝒿])          

Example 15. Let (ℤ, +,∙) be a 𝑁𝑅 and ℬ be an intuitionistic multi fuzzy ideal 

of ℤ defined in example 10 then  

𝒞ℳ ([
𝑎11 𝑎12

𝑎21 𝑎22
]) = {

(0.5,0.4)           if [𝑎𝒾𝒿] is divisible  by 2

(0.4,0.3)                                   otherwise
 

𝒞𝒩 ([
𝑎11 𝑎12

𝑎21 𝑎22
]) = {

(0.5,0.6)           if [𝑎𝒾𝒿] is divisible  by 2

(0.6,0.7)                                   otherwise
 

is an intutionistic multi fuzzy ideal of ℳ2(ℤ). 

Theorem 3.27:  According to Al-Tahan et. al. (2021), let (𝒩, +,∙) be a 𝑁𝑅 under 

standard addition and multiplication is defined as 𝑎 ∙ 𝑏 = 𝑏 ∀ 𝑎, 𝑏 𝜖 𝒩 and 𝒜 be an 

intuitionistic multi-fuzzy ideal of 𝒩. Then, 𝒜′is an intuitionistic multi-fuzzy ideal of 

𝑃𝑛(𝒩). where 𝒞ℳ𝒜′  and 𝒞𝒩𝒜′  can be defined as; 𝒞ℳ𝒜′(ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ⋯ +

ℏ𝑛𝑠𝑛) = ⋀ 𝒞ℳ𝒜(ℏ𝒾) 0≤𝒾≤𝑛 and 𝒞𝒩𝒜′(ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ⋯ + ℏ𝑛𝑠𝑛) =

⋁ 𝒞𝒩𝒜′0≤𝒾≤𝑛 ((ℏ𝒾)) ∀  ℏ(𝑠) 𝜖 𝑃𝑛(𝒩). 

Proof. Let ℏ(𝑠), ɡ(𝑠) 𝜖 𝑃𝑛(𝒩) where ℏ(𝑠) = ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ⋯ + ℏ𝑛𝑠𝑛 , ɡ(𝑠) = ɡ0 +

ɡ1𝑠 + ɡ2𝑠2 + ⋯ + ɡ𝑛𝑠𝑛 then we are to show conditions of Definition 3.2. 

(I) 𝒞ℳ𝒜′(ℏ(𝑠) − ɡ(𝑠)) = ⋀ 𝒞ℳ𝒜(ℏ𝒾 − ɡ𝒾) ≥ 0≤𝒾≤𝑛 ⋀ {𝒞ℳ𝒜(ℏ𝒾) 0≤𝒾≤𝑛 ∧ 𝒞ℳ𝒜(ɡ𝒾)} =

{⋀ 𝒞ℳ𝒜(ℏ𝒾)} ∧ {⋀ 𝒞ℳ𝒜(ɡ𝒾)} =  𝒞ℳ𝒜′(ℏ(𝑠)) −  𝒞ℳ𝒜′(ɡ(𝑠)) 0≤𝒾≤𝑛  0≤𝒾≤𝑛  

And 𝒞𝒩𝒜′(ℏ(𝑠) − ɡ(𝑠)) = ⋁ 𝒞𝒩𝒜(ℏ𝒾 − ɡ𝒾)0≤𝒾≤𝑛 ≤ ⋁ {𝒞𝒩𝒜(ℏ𝒾) ∨ 𝒞𝒩𝒜(ɡ𝒾)0≤𝒾≤𝑛 } =

{⋁ 𝒞𝒩𝒜(ℏ𝒾)}0≤𝒾≤𝑛 ∨ {⋁ 𝒞𝒩𝒜(ɡ𝒾)} =0≤𝒾≤𝑛 𝒞𝒩𝒜′(ℏ(𝑠)) − 𝒞𝒩𝒜′(ɡ(𝑠)) 

(II) and (IV) ℏ(𝑠) ∙ ɡ(𝑠) = ɡ(𝑠) ⇒ 𝒞ℳ𝒜′(ℏ(𝑠) ∙ ɡ(𝑠)) = 𝒞ℳ𝒜′(ɡ(𝑠)) ≥ 𝒞ℳ𝒜′(ɡ(𝑠)) 

And 𝒞𝒩𝒜′(ℏ(𝑠) ∙ ɡ(𝑠)) = 𝒞𝒩𝒜′(ɡ(𝑠)) ≤ 𝒞𝒩𝒜′(ɡ(𝑠)) 
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(III), 𝒞ℳ𝒜′(ℏ(𝑠) + ɡ(𝑠) − ℏ(𝑠)) = ⋀ 𝒞ℳ𝒜(ℏ𝒾 + ɡ𝒾 − ℏ𝒾) ≥ 0≤𝒾≤𝑛 ⋀ 𝒞ℳ𝒜(ɡ𝒾) 0≤𝒾≤𝑛 =

 𝒞ℳ𝒜′(ɡ(𝑠)) and 𝒞𝒩𝒜′(ℏ(𝑠) + ɡ(𝑠) − ℏ(𝑠)) = ⋁ 𝒞𝒩𝒜(ℏ𝒾 + ɡ𝒾 − ℏ𝒾)0≤𝒾≤𝑛 ≤

⋁ 𝒞𝒩𝒜(ɡ𝒾)0≤𝒾≤𝑛 =  𝒞𝒩𝒜′(ɡ(𝑠)) 

(V), Let 𝓊(𝑠) 𝜖 𝑃𝑛(𝒩) where 𝓊(𝑠) = 𝓊0 + 𝓊1𝑠 + 𝓊2𝑠2 + ⋯ + 𝓊𝑛𝑠𝑛  and ((ℏ(𝑠) +

ɡ(𝑠))𝓊(𝑠) − ℏ(𝑠)ɡ(𝑠)) = 0 ⇒ 𝒞ℳ𝒜(0) ≥  𝒞ℳ𝒜(𝓊𝒾) ≥ ⋀ 𝒞ℳ𝒜(𝓊𝒾) 0≤𝒾≤𝑛 =

𝒞ℳ𝒜′(𝓊(𝑠)) 

And, 𝒞𝒩𝒜(0) ≤ 𝒞𝒩𝒜(𝓊𝒾) ≤ ⋁ 𝒞𝒩𝒜(𝓊𝒾)0≤𝒾≤𝑛 = 𝒞𝒩𝒜′(𝓊(𝑠))            
Example 16. Let (ℤ, +,∙) be a 𝑁𝑅 and ℬ be an intuitionistic multi-fuzzy ideal 

of ℤ defined in example 10 then; 

𝒞ℳ(ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ℏ3𝑠3) = {
(0.5,0.4)          if  ℏ0, ℏ1, ℏ2, ℏ3 are divisible by 2 
(0.4,0.3)                                                   otherwise 

 

𝒞𝒩(ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ℏ3𝑠3) = {
(0.5,0.6)          if  ℏ0, ℏ1, ℏ2, ℏ3 are divisible by 2 
(0.6,0.7)                                                   otherwise 

 

It is an intuitionistic multi-fuzzy ideal of 𝑃3(𝒩. ) 

Proposition 3.28. Let (𝒩, +,∙) be a 𝑁𝑅, and 𝒜 be an intuitionistic multi-fuzzy ideal 

of 𝒩, then 𝒜′is an intuitionistic multi-fuzzy ideal of 𝑃𝑛(𝒩) where 

𝒞ℳ𝒜′  and 𝒞𝒩𝒜′  can be defined as; 𝒞ℳ𝒜′(ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ⋯ + ℏ𝑛𝑠𝑛) =

𝒞ℳ𝒜(ℏ0)and 𝒞𝒩𝒜′ (
ℏ0 + ℏ1𝑠 + ℏ2𝑠2 + ⋯ + ℏ𝑛

𝑠𝑛
) = 𝒞𝒩𝒜(ℏ0) ∀  ℏ(𝑠) 𝜖 𝑃𝑛(𝒩). 

Proof. Same as theorem 3.27. 

5. Conclusion 

This study constructed the concept of intuitionistic multi-fuzzy near-rings and 
intuitionistic multi-fuzzy ideals. It explored and illustrated some properties related 
to intuitionistic multi-fuzzy near-rings and intuitionistic multi-fuzzy ideals. 
Moreover, it investigated the support, level subsets and Cartesian product of 
intuitionistic multi-fuzzy near-rings and ideals. It established results associated with 
all these new constructions. This work contributes to fuzzy set theory, widely used in 
multi-criteria decision-making and pattern recognition problems. In the future, one 
may extend these notions to AI-related decision-making and pattern recognition 
research. Alternatively, extending to inter-valued fuzzy systems or applying the 
intuitionistic multi-fuzzy idea to vector spaces and modules is possible. 

Author Contributions: B.N. and H.S. developed the theoretical formalism, 
performed the analytic calculations, and performed the numerical simulations; K.N. 
contributed to the final version of the manuscript; M.M. and K.S. contributed to the 
design and implementation of the research, to the analysis of the results and to the 
writing of the manuscript; L.R.Y.M. wrote and revised the manuscript. All authors 
discussed the results and commented on the manuscript.  

Data Availability Statement: No data were used to support this study. 

Conflicts of Interest: The authors declare that there are no conflicts of interest 
regarding the publication of this article. 



 Nadia et al./Decis. Mak. Appl. Manag. Eng. 6(1) (2023) 564-582 

580 

References 

Abbas, S., Hussain, Z., Hussain, S., Sharif, R., & Hussain, S. (2021). Intuitionistic fuzzy 
entropy and its applications to multicriteria decision making with IF-TODIM. Journal 
of mechanics of continua and mathematical sciences, 16(7), 99–119.  

Abdullah, L. (2013). Fuzzy multi criteria decision making and its applications: A brief 
review of category. Procedia-Social and Behavioral Sciences, 97, 131–136. 

Abou-Zaid, S. (1991). On fuzzy subnear-rings and ideals. Fuzzy Sets and Systems, 
44(1), 139–146. 

Al Tahan, M., Hoskova-Mayerova, S., & Davvaz, B. (2021). An approach to fuzzy multi-
ideals of near rings. Journal of Intelligent & Fuzzy Systems, Preprint, 1–11. 
https://doi.org/ 10.3233/JIFS-202914. 

Al-Husban, A. (2021). Multi-fuzzy hypergroups. Italian Journal of Pure and Applied 
Mathematics, 46, 382–390. 

Ashraf, A., Ullah, K., Hussain, A., & Bari, M. (2022). Interval-Valued Picture Fuzzy 
Maclaurin Symmetric Mean Operator with application in Multiple Attribute Decision-
Making. Reports in Mechanical Engineering, 3(1), 301–317. 

Asif, A., Aydi, H., Arshad, M., Rehman, A., & Tariq, U. (2020). Picture Fuzzy Ideals of 
Near-Rings. Journal of Mathematics, 2020. https://doi.org/10.1155/2020/8857459. 

Atanassov, K. (1986). Intuitionistic fuzzy sets. Fuzzy sets and systems 20 (1), 87-96. 

Broumi, S., Ajay, D., Chellamani, P., Malayalan, L., Talea, M., Bakali, A., Schweizer, P., & 
Jafari, S. (2022). Interval Valued Pentapartitioned Neutrosophic Graphs with an 
Application to MCDM. Operational Research in Engineering Sciences: Theory and 
Applications, 5(3), 68–91. 

Broumi, S., Sundareswaran, R., Shanmugapriya, M., Nordo, G., Talea, M., Bakali, A., & 
Smarandache, F. (2022). Interval-valued fermatean neutrosophic graphs. Decision 
Making: Applications in Management and Engineering, 5(2), 176–200. 

Dresher, M., & Ore, O. (1938). Theory of Multigroups. American Journal of 
Mathematics, 60(3), 705–733. https://doi.org/10.2307/2371606 

Fathi, M., & Salleh, A. R. (2009). Intuitionistic fuzzy groups. Asian Journal of Algebra, 
2(1), 1–10. 

Gulzar, M., Alghazzawi, D., Mateen, M. H., & Kausar, N. (2020). A certain class of t-
intuitionistic fuzzy subgroups. IEEE Access, 8, 163260–163268.  

Gulzar, M., Mateen, M. H., Alghazzawi, D., & Kausar, N. (2020). A novel application of 
complex intuitionistic fuzzy sets in group theory. IEEE Access, 8, 196075–196085.  

Hoskova-Mayerova, S., & Al Tahan, M. (2021). Anti-Fuzzy Multi-Ideals of Near Ring. 
Mathematics, 9(5), 494. https://doi.org/10.3390/math8020244. 

Hur, K., Jang, S.-Y., & Kang, H.-W. (2005). Intuitionistic fuzzy ideals of a ring. The Pure 
and Applied Mathematics, 12(3), 193–209. 

Hussain, S., Hussain, S., Rahaman, S., & Abbas, S. (2022). Fuzzy Normed Near-rings 
and its Ideals. Journal of Xi’an Shiyou University, Natural Science Edition, 18(9), 32–
36. 

https://doi.org/10.1155/2020/8857459
https://doi.org/10.3390/math8020244


Decision making under incomplete data: Intuitionistic multi fuzzy ideals of near-ring approach 

581 

Kahraman, C. (2008). Multi-criteria decision-making methods and fuzzy sets. In 
Fuzzy multi-criteria decision making, 1–18. Springer. https://doi.org/10.1007/978-
0-387-76813-7_1. 

Kausar, N. (2019). Direct product of finite intuitionistic anti fuzzy normal subrings 
over non-associative rings. European Journal of Pure and Applied Mathematics, 
12(2), 622–648. 

Kausar, N., Alesemi, M., & Munir, M. (2020). Characterizations of Non-Associative 
Ordered Semigroups by Their Intuitionistic Fuzzy Bi-Ideals. Discontinuity, 
Nonlinearity, and Complexity, 9(2), 257–275. 

Kausar, N., & Waqar, M. A. (2019). Characterizations of non-associative rings by their 
intuitionistic fuzzy bi-ideals. European Journal of Pure and Applied Mathematics, 
12(1), 226–250. 

Kousar, S., Aslam, F., Kausar, N., & Gaba, Y. U. (2021). Semigroup of finite-state 
deterministic intuitionistic fuzzy automata with application in fault diagnosis of an 
aircraft twin-spool turbofan engine. Journal of Function Spaces, 2021, 1–10. 
https://doi.org/10.1155/2021/1994732. 

Kousar, S., Saleem, T., Kausar, N., Pamucar, D., & Addis, G. M. (2022). 
Homomorphisms of Lattice-Valued Intuitionistic Fuzzy Subgroup Type-3. 
Computational Intelligence and Neuroscience, 2022, 1–11. 
https://doi.org/10.1155/2022/6847138. 

Rahman, S., & Saikia, H. K. (2012). Some aspects of Atanassov’s intuitionistic fuzzy 
submodules. Int. J. Pure and Appl. Mathematics, 77(3), 369–383. 

Riaz, A., Kousar, S., Kausar, N., Pamucar, D., & Addis, G. (2022a). Codes over Lattice-
Valued Intuitionistic Fuzzy Set Type-3 with Application to the Complex DNA Analysis. 
Complexity, 2022, 1–12. https://doi.org/10.1155/2022/5288187 

Riaz, A., Kousar, S., Kausar, N., Pamucar, D., & Addis, G. M. (2022b). An Analysis of 
Algebraic Codes over Lattice Valued Intuitionistic Fuzzy Type-3-Submodules. 
Computational Intelligence and Neuroscience, 2022, 1–13. 
https://doi.org/10.1155/2022/8148284 

Shah, T., Kausar, N., & Rehman, I. (2012). Intuitionistic fuzzy normal subrings over a 
non-associative ring. Analele Universitatii "Ovidius" Constanta-Seria Matematica, 
20(1), 369–386. 

Shinoj, T. K., Baby, A., & Sunil, J. J. (2015). On some algebraic structures of fuzzy 
multisets. Annals of Fuzzy Mathematics and Informatics, 9(1), 77–90. 

Sujatha, L. (2014). Multi fuzzy subrings and ideals. Annals of Fuzzy Mathematics and 
Informatics, 8(3), 385–392. 

Taghieh, A., Mohammadzadeh, A., Zhang, C., Kausar, N., & Castillo, O. (2022). A type-3 
fuzzy control for current sharing and voltage balancing in microgrids. Applied Soft 
Computing, 129, 1–13. https://doi.org/10.1016/j.asoc.2022.109636. 

Yager, R. R. (1986). On the theory of bags. International Journal of General System, 
13(1), 23–37. 

Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8(3), 338–353. 

https://doi.org/10.1155/2022/6847138
https://doi.org/10.1016/j.asoc.2022.109636


 Nadia et al./Decis. Mak. Appl. Manag. Eng. 6(1) (2023) 564-582 

582 

Zhan, J., & Ma, X. (2005). Intuitionistic fuzzy ideals of near-rings. Scientiae 
Mathematicae Japonicae, 61(2), 219–223. 

Zhumadillayeva, A., Orazbayev, B., Santeyeva, S., Dyussekeyev, K., Li, R. Y. M., Crabbe, 
M. J. C., & Yue, X.-G. (2020). Models for oil refinery waste management using 
determined and fuzzy conditions. Information, 11(6), 299. 
https://doi.org/10.3390/info11060299. 

© 2023 by the authors. Submitted for possible open access publication under 

the terms and conditions of the Creative Commons Attribution (CC BY) license 

(http://creativecommons.org/licenses/by/4.0/). 

 

 

https://doi.org/10.3390/info11060299

