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Abstract. Real-world data is often partial, uncertain, or incomplete. Decision
making based on data as such can be addressed by fuzzy sets and related
systems. This article studies the intuitionistic multi-fuzzy sub-near rings and
Intuitionistic multi-fuzzy ideals of near rings. It presents some of the
elementary operations and relations defined on these structures. The concept
of level subsets and support of the Intuitionistic multi-fuzzy sub-near ring is
also presented. It looks into and demonstrated a few characteristics of
intuitionistic multi-fuzzy near-rings and ideals. This research advances fuzzy
set theory, which is often applied to problems involving pattern recognition
and multiple criterion decision-making. Thus, the results may be beneficial to
artificial intelligence related research. Alternatively, the intuitionistic multi-
fuzzy approach may be applied to vector spaces and modules or extended to
inter-valued fuzzy systems.
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Decision making under incomplete data: Intuitionistic multi fuzzy ideals of near-ring approach

1. Introduction

The concept of "fuzzy sets" was initially proposed by Zadeh (Zadeh, 1965), which
opened the door for set theory researchers. Many versions and generalizations of
fuzzy sets have appeared to solve problems such as multi-criteria decision-making,
recognition of patterns and diagnosis of diseases (Broumi, Ajay, et al., 2022; Ashraf et
al,, 2022; Broumi, Sundareswaran, et al,, 2022) waste management (Zhumadillayeva
et al,, 2020) and voltage balancing (Taghieh et al., 2022). Applications of the fuzzy
systems to some other areas can be studied (Gulzar, Alghazzawi, et al., 2020; Gulzar,
Mateen, et al., 2020; Kausar, 2019; Kausar et al,, 2020; Riaz et al., 2022b). Due to the
appearance of fuzzy sets and their associated systems as problem-solving tools in
MCDM (Abbas et al., 2021; Abdullah, 2013; Kahraman, 2008) and other disciplines of
our daily life, more people were attracted towards this area of research. Theoretical
mathematicians use this idea to generalize well-known mathematical structures. For
example, Rosenfeld used it to develop a fuzzy group structure and generalize the
classical group. This was the initial development of fuzzy group theory. Liu
introduced fuzzy rings and studied various properties of rings and ideals in a fuzzy
context. Within a few years, the fuzzification of algebraic structures became a hot
topic within the research community. Researchers developed more fuzzy algebraic
structures like fuzzy modules, fuzzy algebras, fuzzy sub near rings etc. were
developed [see (Al-Husban, 2021; Fathi & Salleh, 2009; Hur et al.,, 2005; Rahman &
Saikia, 2012; Zhan & Ma, 2005)]. Salah Abuzaid was the first who introduced the
notion of fuzzy sub near-rings (Abou-Zaid, 1991) and later, its variants were
studied(Asif et al., 2020; Hussain et al., 2022).

The concept of multisets is initiated by Yager (Yager, 1986). The multi-fuzzy
groups were proposed by T. K. Shinoj et al. [see (Dresher & Ore, 1938; Shinoj et al,,
2015)]. They studied the basic properties of multi-fuzzy groups and presented a few
preliminary results. The fuzzy versions of multi-subrings and their ideals were
established by L. Sujatha (Sujatha, 2014) in 2014. She also proved that the finite
multi-fuzzy subrings (ideals) intersection is a multi-fuzzy subring (ideal). Fuzzy
multi-near-rings and their associated multi-ideals were introduced by Tahan et al.
(Al Tahan et al,, 2021) in 2021. They defined various operations on multi-ideals of
fuzzy near-rings. They presented foundational results related to fuzzy multi sub-
near-rings, fuzzy multi-ideals and the operations defined on multi-ideals. The anti-
fuzzy multi-ideals of near-rings were considered by Hoskova (Hoskova-Mayerova &
Al Tahan, 2021).

One of the well-known generalizations of fuzzy sets is the intuitionistic fuzzy set
proposed by Atanassov(Atanassov, 1986). Renowned mathematicians also use this
set to fuzzify algebraic structures. Fathi was the first to describe the notion
intuitionistic fuzzy group (Fathi & Salleh, 2009) Consequently, the intuitionistic
versions of groups, rings, ideals, modules, near-rings etc., have been established (Hur
et al,, 2005). Many researchers (Kausar & Waqar, 2019; Kousar et al,, 2021, 2022;
Riaz et al., 2022a) used intuitionistic fuzzy sets and developed different structures.
These included triangular intuitionistic fuzzy linear programming, lattice-valued
intuitionistic fuzzy subgroup type-3, algebraic codes over lattice-valued intuitionistic
fuzzy type-3 submodules, codes over lattice-valued intuitionistic fuzzy set type-3,
non-associative ordered semi-groups by intuitionistic fuzzy bi ideals. Others further
developed different versions of intuitionistic fuzzy sets, such as complex
intuitionistic fuzzy sets in group theory and t-intuitionistic fuzzy subgroups(Gulzar,
Alghazzawi, et al., 2020; Gulzar, Mateen, et al.,, 2020). It also encompasses the finite
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intuitionistic anti-fuzzy normal subrings’ direct product (Kausar, 2019) intuitionistic
fuzzy normal subrings (Shah et al.,, 2012).

The primary purpose of this study is to find the connections between multi-fuzzy
near-rings and intuitionistic fuzzy sets. For this, we first define intuitionistic fuzzy
multi-near-rings (IFMNRs) and ideals associated with this structure. We also define
the basic operations and study the critical properties of this structure. Moreover, we
study the support and («, §) — level subsets of [IFMNRs and produce a few related
results. This work contributes to the fuzzy set theory and fuzzy algebra, which are
extensively used to solve multi-criteria decision-making and pattern recognition
problems (Kaharman et. al., 2008).

2. Motivation and Scope

Fuzzy sets and associated systems deal with theoretical and practical problems
equipped with incomplete, uncertain, or ambiguous data. Although this is a very
young discipline started with the work of L. A. Zadeh but gained the attention of
many researchers quickly. The reason is that it can be directly applied to theoretical
and daily life problems, including Multi-criteria decision-making, Pattern
recognition, disease diagnosis and Management. So, it is worth studying the fuzzy
systems to produce more sufficient and adequate theoretical bases used to develop
better problem-solving tools. This article also proposes a fuzzy algebraic system
intuitionistic fuzzy multi-near-rings, a generalization of well-known fuzzy multi-
near-rings.

3. Preliminaries

This study first recalls some basic definitions of fuzzy and multi-fuzzy sets.
Definition 2.1: Let V' be a non-empty set, then a fuzzy set A is given by an ordered
pair (Zadeh, 1965)

A ={(s0,4(5))/seN}

0 ; is the degree of membership, and () ;: N = [0,1] is the membership function.
Example 1. If ' = {s,t,z} then A = {(s,0.51), (t,0.03), (z,0.21)} be fuzzy set of V.
Definition 2.2: Let V be a set that is not empty. An intuitionistic fuzzy set will be
(Atanassov, 1986)

A={<s,0;(5),0 43(5)>/seN}
Where () ;and U ; are the degrees of membership and non-membership function,
respectively, they are definedas Q;: N - [0,1] and U 4: NV - [0,1].
Foreach e N 0 < Q ;(s) +U 4(s) < 1.
Remark 1. Every fuzzy set is an intuitionistic fuzzy set.
Definition 2.3: LetV be a non-empty set, then M be a multiset drawn from JV,
characterized by a count function CM': V' - N, where CM represent the number of
repetition of an element in M and Nis set of positive integers (Yager, 1986;
Hoskova-Mayerova & Al Tahan, 2021).
Let V' = {s4, S5, S3, ..., Sy} be a set; then a multiset M will be represented as M =

{my/s1,mz/52,m3/53, ..., My /s } where m,; = {my, mp, mg, ..., m,} represents the
number of repetition of an element in M.
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Example 2. Let V' = {s,t,z} be aset,then M = {s,¢,t, s,z ¢, t} is a multiset, and it can
also be represented as M = {2/s,4/t,1/z,}.
Definition 2.4: Per Al Tahan et al. (2021), let V" be a non-empty set then a fuzzy
multiset constructed from V' can be represented as;
A={(CM4(5))/seN

Where CM 4: V' = Q represents the count membership function, here Q is a set of all
crisp multisets which is constructed from unit interval [0,1] and for each s e}V,
CM 4 (s) is a decreasingly ordered sequence thatis QL (s) > Q% (s) = Q3,(s) = -+ =
Q% (s).
Definition 2.5: Let V' be a non-empty set. An intuitionistic version of a fuzzy multiset
can be represented;

A ={<S5,CM4(5),CN 4(5) >/seN}

CMA: N - Q represents the count membership function, and CN4;: N = Q
shows the count non-membership function. Here Q is a set of all crisp multisets
which is constructed from unit interval [0,1], and for eachseN,CM,(s)is a
decreasingly ordered sequence thatis Q% (s) = Q% (s) = Q3 (s) =+ = Q%(s) and
CN,4(s) is denoted by (UL(s),0%(s),03(s),..,0%(s)) . For each seN,0 <
CM,(s)+CN,4(s) < 1.

Remark 2. CM, (s)is ordered decreasingly, but the corresponding CN,(s) may
need to be in decreasing and increasing order.
Remark 3. An intuitionistic fuzzy set on set V' can be treated as a particular case of
an intuitionistic fuzzy multiset, if CM 4 (s) = QL (s).CN, (s) = VL (s) V s eV
Example 3. Let V' = {a, b, c}. Then, A is an intuitionistic fuzzy multiset over V' with
count functions:

0.4,0.4,06 if s=a

CM ,4(s) =1<0.1,01,0.1 if s=b
1,1,0.5 ifs=c
0.6,0.6,04 if s=a
CN4(s) =409,09,09 ifs=D>

0.5 ifs=c
Definition 2.6: According to Al Tahan et. al (2021), Shinoj et. al,, (2015), let ' # @ be
a set, A and B be two intuitionistic fuzzy multisets over  with fuzzy count
functions CM 4 (s), CM5z(s) and CN,4(s), CNz(s) respectively, then:
A S Bif CM 4(s) < CMg(s) and CN4(s) S CN4(S) Vs eN
A =Bif CM 4(s) = CMg(s) and CN4(s) = CN4(s) Vs eN
A N B is defined as;
CM 4n5(s) = min {CM 4(s), CM5(s)} and CN445(s) = max {CN,4(s), CNp(s)}
A U B is defined as;
CM 4u5(s) = max{CM 4(s), CMz(s)} and CN4,5(s) = min {CN4(s), CNp(s)}
The complement of an intuitionistic fuzzy multiset is defined as;

A€ ={<5,CN4 (5),CM 4(5) > /s eN}

Example 4. Let V' = {a, b, ¢, d} and A, B be two intuitionistic fuzzy multisets over
that is;
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A =1{<a,(0.8,0.8,0.6),(0.2,0.2,0.4) >,< b,(0.7,0.7,0.7), (0.3,0.3,0.3) >, < c,
(1,0.9),(0.1) >},
B ={< a,(1,0.5,0.5),(0.5,0.5) >, < ¢, (0.6,0.6), (0.4,0.4) >} Then;
A NB ={<a,(0.8,0.50.5),(0.2,0.50.5) > < c (0.6,0.6),(0.4,0.4) >}
And;
AUB ={<a,(1,0.8,0.6)(0.2,04) > < (1,0.9),(0.1) >}
Definition 2.7: Let V" be a non-empty set, then (I, +,°) is said to be left (right) NR if
(Al Tahan et. al,, 2021, Asif, et. al., 2020, Hussain et. al.,, 2022);
(W, +) isagroup;
(V") is a semi-group;
JV Satisfies left (right) distributive law, that is;
s*(t+z)=s-t+s-zVs,t,zeN (Left distributive)
(t+z)-s=t-s+z-sVs,t,zeN (Right distributive)
Example 5. Let R be a set of real numbers, then (R, 4+, -) form NR under standard " +
" and multiplication is definedasa-b =aVa,b e R.
Note: Throughout this text, we write NR instead of near-ring and NRs for near-rings.
Definition 2.8: Let (W, +,") be a NR, and J be a sub- NR of V' then J is said to be an
ideal of V" (Al Tahan et. al,, 2021, Asif, et. al., 2020, Hussain et. al., 2022), if;
i. s+t—seJVseNteJ
ii. s‘teJVseNAte
iii. (s+a)t—s-teJVs,teN ANae
Remark 4 If 7 fulfils conditions (i) and (ii), then J is said to be the left ideal, and if J
satisfies (i) and (iii), then J is said to be the ideal of V. If J is the left and right ideal
of IV, then [ is said to be an ideal of V.
Example 6. Let M,(Z) be the set of all possible 2 by 2 matrices with entries from Z
and M, (Z) form NR under standard addition and multiplication is defined as
(ay;) - (by;) = (ay;) for some (a,,), (bq) € M, (Z) then M, (2Z) is right ideal of
M, (Z).

Definition 2.9: (Abou-Zaid, 1991) Let (V,+,)) be a NR and A be fuzzy set over V'
then A is said to be fuzzy sub-NR of V' if V s, t € V" the following condition satisfies;

L. Qu(s—1t) = Q,40)A Qu(L)

I1. Qu(s-t) = Q406N Qu(t)
Definition 2.10: (Abou-Zaid, 1991) Let (I, +,)) be a NR and A be fuzzy set over V'
then A is said to be the fuzzy ideal of NR ifVs,t eV the following condition
satisfies;

I Qs —1t) =2 Q4()A Qu()

11 Qu(s-t)=0,40) N Qu()

111 Qu(s+t—5)=0,40)

IV. Qu(s-t) = Q40

V. Qul(s+a)t—st)=Qu@VvVaeN
Definition 2.11: (Al Tahan et. al,, 2021) Let (', +,7) be a NR and A be fuzzy multiset
over V' then A is said to be fuzzy multi sub-NR of NV ifV s, t e NV the following
condition satisfies;

L CM (s —t) = CM4(s) A CM 4(t)

L CM (s t) = CM4(s) A CM,4(t)
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Definition 2.12: (Al Tahan et. al, 2021) Let (V,+,) be a NR and A be a fuzzy
multiset over V' then A is said to be a fuzzy multi ideal of NR IV ifV s,t € IV the
following condition satisfies;
I11. CM,4(s—t) = CM4(s) A CM 4(t)
IV. CM (s t) = CM4(s) N CM4(t)
V. CM,4(s+t—s5) =CM4(t)
VI. CM (s t) = CM4(t)
VIL CM4(s+a)t—st) =CM4(@)VaeN

4. Main Result

Definition 3.1: Let (V, +,-) be a NR. An intuitionistic multi-fuzzy set A is an
intuitionistic multi-fuzzy sub-NR over V. If V s, t € IV, the following conditions are
satisfied;

I. CM,4(s—t) = CM4(s) ACM 4(t) and CN4(s — t) < CN4(s) VCN 4 (L)

I1. CM4(st) = CM4(s) ACM 4(t) and CN (s - t) < CNL(s) VECN,L(L)
Where CM 4 and CV.; count membership and count non-membership functions,
respectively.

Example 7. Let (Z, +,") be a NR under standard addition and multiplication. Then, A
is an intuitionistic multi-fuzzy sub-NR over Z with fuzzy count functions given by;

0.21,0.21,0.21) if s even number
CM, = ( ! ’
A { 0 otherwise
0.79,0.79,0.79) if s even number
CN, = ( ’ ’
A { 1 otherwise

Definition 3.2: Let (IV, +,7) be a NR. An intuitionistic multi-fuzzy set A is considered
an intuitionistic fuzzy multi-ideal of V. If V s,t € IV, the following conditions are
satisfied;

CM 4 (s —t) =2 CM41(s) NCM 4(t) and CN4(s —t) S CN4(S) VCN4(E)

CM4(st) = CM4(s) ACM 4(t) and CN4(s - t) S CN4(s) VECN,4(L)
CMy(s+t—5)=CM4(t)and CN4(s +t —5) < CN4(E)

CM (s t) = CM4(t) and CN,4(s - t) < CN,L(E)

CM,4((s + a)t —st) = CM 4(a) and

C]\C,q((s +a)t— st) <CNy(a) VaeN

Example 8. Let (Z, +,-) be a NR under standard addition and multiplication. Then, A is
an intuitionistic multi-fuzzy ideal of Z with fuzzy count functions given by;

M. = {(1,0.9,0.7,0.5,0.4) if s is a multiple of 3
A (0.9,0.6,0.3) otherwise
N = {(0.1,0.3,0.5,0.6) if s is multiple of 3
A (0.1,0.4,0.7) otherwise

Remark 5. Every intuitionistic multi-fuzzy ideal of a NR. V" is an intuitionistic multi-
fuzzy sub-NR of V.

This study then demonstrates some exciting results for intuitionistic multi-fuzzy
near-rings, which are proven for other algebraic structures (Al-Tahan et. al.,, 2021).

Proposition 3.3: Let (I, +,-) be a NR and A, B be two intuitionistic multi-fuzzy sub-
NRs of V', then A N B is also an intuitionistic multi-fuzzy sub NR of V.
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Proof. Let A, B be two intuitionistic multi-fuzzy sub-NRs of V', then V s, t € V', we are
to show conditions of definition 3.1.
CMyn5(s —t) =CM (s —t) AN CMz(s —t)

= {CM 4 () ACM 4 (D)} AN{CMp(s) A CMp(8)}

= {CM4(s) ANCMp(s)} AN{CM 4 (8) ACMp(E)}

= CM 403(S) A CM 403(t) = CM 40z(s — )

= CM 403(S) A CM 405(t)
And, CN4np(s —t) = CN4(s —t) VCNz(s —t) < {CN,4(s) VCN,L(B)}V
{CNB(s) V CNp (D)} = {CN4(s) V CNp($)}V {CNL(8) V CNB (D)} = CNyag(s) V
CNanz(t) = CNgnp(s — 1) < CN4ap(s) V CN4nag(t)
Also, CM 4n5(s t) = CM 4(s t) ACME(s - t) = {CM4(s) ACM 4(t)} A
{CMp(s) A CMp (1)} = {CM4(s) A CMB($)} AN{CM4(8) A CMp(£)} = CM 405(s) A
CM 403 (t) = CM4np(s — t) = CM 4n5(s) A CM 405 ()
And, CN4np(s-t) = CN4 (s t) VCNp(s-t) S {CN4(s) VCN,4 )}V {CNp(s) V
CNp ()} = {CNL(s) VCNp(s)}V {CNL() V CNp (D)} = CN4nz(S) V CN4ap(t) =
CNanp(s " t) < CNyag(s) V CNyap ()
Corollary 1. Let (V, +,-) be a NR, and A, be an intuitionistic multi-fuzzy sub-NRs
of V for4i = 1,2,3,...n, then N}, A, is also an intuitionistic multi-fuzzy sub-NR
of V.
Proposition 3.4: (Al-Tahan et. al., 2021 & Shinoj et. al., 2015) Let (V, +,") be a NR,
and A and B be intuitionistic multi-fuzzy ideals of V. Then, A N B is also an
intuitionistic multi-fuzzy ideal of V.
Proof. Let A, B be two intuitionistic multi-fuzzy ideals of V', then V s,t € V', we are
to show conditions of definition 3.2. The first two have been done in proposition 3.3.
2 CM (s +Ht—5) =CMy(s+t—5)AN CMg(s+t—5)= CM4(t) ACMz(t)
Since A and B are IMFI's = CM _4nz5(s — t) = CM 445(t)
And, CN np(s +t —5) =CN4(s+t—5)V CNg(s +t—5) < CN,L(t) VCNE(L)
= CNang(s — t) < CNynp(t)
Moreover, CM 4np(st) = CM 4(s-t) A CMg(s-t) = CM 4(t) A CM5(t)
= CM4np(s " t) = CM 403(t)
Also, CN4ng(st) = CN4(s-t) V CNp(s - t) < CN,4(t) V CNp(t)
= CN (s " t) < CN4ap(t)
Leta € U then CM 4n5((s + a)t — st) = CM 4((s + a)t — st) ACMg((s + a)t —
st) = CM 4(a) ACMz(a)
Because A and B are IMFI's = CM 4+5((s + a)t — st) = CM 4q5(a)
And, CN4qp((s + a)t — st) = CNL((s + a)t — st) VCNp((s + a)t — st) < CNy(a) V
CNp(a) = CN4na((s + a)t — st) < CNyap(a) ]
Corollary 2. Let (V, +,-) be a NR, and A, be the intuitionistic multi-fuzzy ideal of
NRs of N fori = 1,2,3,...,nthen N}_; A, is also an intuitionistic multi-fuzzy ideal
of V.
Example 9. Let (Z3, +,") be a NR and A, B be two intuitionistic multi-fuzzy ideals
of Z; given by;

A ={<0,(0.9,0.9,0.5,0.5),(0.1,0.1,0.5,0.5) >, < 1,(0.7,0.3,0.1,0.1), (0.3,0.7,0.9,0.9)
>, < 2,(0.7,0.3,0.1,0.1), (0.3,0.7,0.9,0.9) >}
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And
B ={<0,(0.7,0.7,0.7),(0.3,0.3,0.3) >, < 1,(0.5,0.5,0.2), (0.5,0.5,0.8) >,

< 2,(0.5,0.5,0.2), (0.5,0.5,0.8) >}
ANB=1{<0,(0.7,0.7,0.5), (0.3,0.3,0.5) >, < 1,(0.5,0.3,0.1), (0.5,0.7,0.9) >,

< 2,(0.5,0.3,0.1), (0.5,0.7,0.9) >}
It also satisfies the conditions of definition 3.2 and forms an intuitionistic multi-fuzzy
ideal of Zs.
Remark 6. Let (V, +,7) be a NR and A, B be two intuitionistic multi-fuzzy ideals
of V. Then, A U B may or may not be an intuitionistic multi-fuzzy ideal of V.
Example 10. Let (Z, +,7) be a NR and A, B be two intuitionistic multi-fuzzy ideals

of Z given by;
_ ((0.6,0.6) ifsis multiple of 5
CMals) = {(0.3,0.2) otherwise
_((0.4,0.4) ifsis multiple of 5
CNals) = {(0.7,0.8) otherwise
And,
_((0.5,0.4) if 2/s
CMp(s) = {(0.4,0.3) otherwise
_((0.5,0.6) if 2/s
CNp(5) = { (0.6,0.7) otherwise
Then,
(0.6,0.6) if sis multiple of 5and 2/s
CM 1u5(s) = {(0.5,0.4) if 2/s
(0.4,0.3) otherwise
(0.4,0.4) if sis multiple of 5and 2/s
CN4u5(s) =1 (0.5,0.6) if 2/s
(0.6,0.7) otherwise

S0, CM 4,5(6 —5) 2 CM 4,58(6) A CM 4,5(5) M Vble number ot  of definition
3.2 and form intuitionistic fuzzy multi ideal of CN4,5(6 —5) £ CM 4,5(6) V
CM 403 (5).

It does not satisfy the conditions of definition 3.2 and does not form the intuitionistic
multi-fuzzy ideal of Z.

Proposition 3.5: Let (', +,) be a NR, and A be an intuitionistic multi-fuzzy ideal
of V' (Shinoj et. al., 2015), then;

CM 4(s) < CM,4(0) and CN4(s) = CN4L(0)VseN

CM4(—s) = CM4(s) and CN4(—Ss) = CN4(s) VseN
CM4(s+t—5)=CM4 ) andCN, (s +t—5) =CN4({) Vs, teN

Proof 1). Let s € V', then we have

CM4(0) =CM4(s —5) = CM4(s) A\CM 4(s) = CM 4(s)

Also, CN4(0) = CN4(s — 5) < CNL(S) VCNL(s) < CN4(s)

Proof 2). Let s € IV, then we have

CM4(—s) =CM4(0—35) = CM4(0) ACM 4(s) = CM 4(s) A CM 4(s) = CM 4(s)
Also, CN4(—s) = CN4(0 —5) < CNL(0) VCN,L(S) S CNL(S) VECN,4(s) =
CN4(s)
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Proof 3). Is straight forward
Proposition 3.6: Let (', +,) be a NR, and A be an intuitionistic multi-fuzzy ideal
of \V if;
CM,4(s—t) =CM4(0) > CM4(s) = CM4(t) and
CN4(s —t) = CN4(0) = CN4(s) = CN,4(L)
Proof. Let A be an intuitionistic multi-fuzzy ideal of N and CM 4 (s — t) = CM 4(0)
V s, t € IV then,
CM4(s) =CMy(s—t+t)=CM4(s —t) ACM4(t) = CM ,(0) ACM 4(t)
Using proposition 3.5
,CM 4(s) = CM 4(t.)
Also, suppose that CN4(s — t) = CM 4(0) V s,t eV Then,
CN4(s) =CN4(s—t+1t) SCN4(s —t) VCN4(t) < CN4(0) VEN,L(L)
= CN,4(s) = CN,4(L)
Definition 3.7: Let (V, +,-) be a NR, and A be an intuitionistic multi-fuzzy set
of V', then A" is defined as A™ = { s € \Vsuch that CM 4(s) =
CM 4(0) and CN4(s) = CN4(0)}.
Example 11. Let (Z, +,7) be a NR and A, B be two intuitionistic multi-fuzzy ideals
of Z defined in example 10
Then, A* = 57
Example 12. Let (Z3, +,-) be a NR and B be an intuitionistic multi-fuzzy ideal of Z;
defined in example 9. TAen, B* = @
Lemma3.8: Let (V, +,7) be a NR, and A be an intuitionistic multi-fuzzy ideal
of IV then;

CM4(s) < CM4(0) and CN4(s) = CNL(0) Vs eN
Proof. The proofis done in proposition 3.5.
Proposition 3.9: Let (I, +,) be a NR and A be an intuitionistic multi-fuzzy sub-NR
of V', then A" is also sub-NR of ' (Shinoj et.al., 2015) .
Proof. Let s, t € A*then,
CM 4 (s) = CM_4(0) and CN4(s) = CN4(0)
CM4(t) = CM 4(0) and CN,4(t) = CN.4(0)
CM 4 (s —t) = CM4(s) NCM 4(t) = CM 4(0) and that CM 4(s) S CM4,(0)VseN
= CM4(s —t) =CM,4(0)
Also, CN4(s —t) < CN4(s) VECN,(t) = CN4(0) and that CN 4 (s) =
CN,(0)VseN
= CN, (s —t) = CN,4(0)
hences —t € A*
Moreover, CM 4(s - t) = CM 4(s) ACM 4(t) = CM 4(0) and that CM 4(s) <
CM,0)VseN
> CM4(s-t) =M 4(0)
Also, CN4(s - t) < CN4(S) VECN,L(L) = CN4(0) and that CN,(s) = CNL(0) VseN
= CN,4(s - t) = CN,4(0)
hences -t e A"
Proposition 3.10: (Al-Tahan et. al. 2021) Let (V, +,7) be a NR, and A be an
intuitionistic multi-fuzzy ideal of IV, then A" is also an ideal of V.
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Proof. Lets € A* and a, b € IV then,

CM 4 (s) = CM_4(0) and CN4(s) = CN4(0)

> CM 4 a+s—a)=CM,4(s) = CM,4(0) and that CM 4(s) S CM4(0)VseN

> CM 4 (a+s—a)=CM,4(0)

Also,CN4(a+s—a) < CN4(s) = CN4(0) and that CN4(s) = CNL(0)VseN

= CNy(a+s—a)=CN,4(0)

hence(a + s —a) € A*

Moreover, CM 4(a-s) = CM 4(s) = CM 4(0) and that CM 4(s) < CM ,(0) VseN

= CM4(a-s) =CM4(0)

Also,CN4(a-s) < CN4(s) = CN4(0) and that CN4(s) = CN4(0)Vse N

= CN4(a-s) =CN4(0)

hencea-se A"

Now, CM4((a + s)b — ab) = CM 4(s) = CM4(0) and that CM4(s) <
CM,0)VseN

= CM4((a+s)b—ab) =CM,4(0)

Also C’Nﬂ((a +s)b — ab) < CN,4(s) = CN,4(0) and that CN4(s) = CN,L(0) Vs e N
= CN,4((a+ s)b — ab) = CN,4(0)

Hence ((a + s)b — ab) € A"

Definition 3.11: Let V" be a non-empty set, and A be an intuitionistic multi-fuzzy set
of V'; then the support of V can be defined as A, = {s € N such that CM 4(s) >
Oand CN,4(s) <1}

Example 13. Let (Z, +,7) be a NR under standard addition and multiplication,

and A be an intuitionistic multi-fuzzy sub-NR over Z defined in example 7, then,

A, =21

Proposition 3.12: Let (V, +,-) be a NR, and A be an intuitionistic multi-fuzzy sub NR
of V', then A, is also sub NR of V.

Proof. Let s, t € A,then, CM 4(s) > 0 and CN4(s) < 1also CM 4(t) >

Oand CN,4(t) <1

DSCM4(s—t) ZCM4(S)ACM4(t) >0=>CM4(s—t) >0

Also, CN4(s —t) SCNL(S)VEN,, () <1 =2 CNy(s—t) <1

hences —t € A,

Moreover, CM 4(s - t) = CM 4(s) ACM4(t) > 0= CM4(s-t) >0

Also, CN4(s - t) S CNL(S) VEN,4(E) < 1

=>CN,(s-t)<lhences-teA,

Proposition 3.13: Let (', +,") be a NR, and A be an intuitionistic multi-fuzzy ideal
of IV, then A, is also an ideal of V.

Proof. Let s € A, and a, b € N then CM_4(s) > 0and CN,4(s) < 1
>CMya+s—a)=CMu(s)>0=>CM4ya@+s—a)>0

Also,CN (a+s—a) SCN () <1=>CNy(a+s—a)<1

hence (a+s —a) € A,

Moreover, CM 4(a-s) = CM4(s) > 0=>CM4(>a-s) >0

Also,CN4(a-s) S CN4 () <1=>CN4(a-s) <1
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hencea-se A,
Now, C’Mﬂ((a +s)b — ab) > CM4(s) >0 > CM4((a+s)b—ab) >0
Also CN4((a + s)b —ab) < CNy(s) <1 = CNy,((a+s)b—ab) <1
Hence ((a + s)b — ab) € A,

Definition 3.14: Let U and V be two non-empty sets, A and B be two intuitionistic
fuzzy multisets of U and V, respectively, then A X B can be defined as,
A X Blu,v) = {< (u,v),CM 4 (u) ACMg(v), CN4 (1) V CNg(v) >}
Proposition 3.15: Let U and V be two NRs and A, B be intuitionistic multi-fuzzy sub-
NR of U, V respectively, then A X B is also an intuitionistic multi-fuzzy sub-NR
of U X V.
Proof. Let A and B be two intuitionistic multi-fuzzy sub-NRs and
(uq,v1), (uy,v5) € U X V. Then we are to show the conditions of Definition 3.1.
O]
CM axp((uy — uz), (vy — v73)) = CM 4(1y — 1) A CMp(vy — v3)
= {CM 4 (11) N CM 4 (uz)} A{CMp(v1) A CMp(v2)}
= {CM 4 (1) N CMp(v1)} A{CM 4 (uz) A CMp(v2)}
= CM gxp(tty, v1) A CM x5 (U2, v72)
= CM xp((uy — Uz), (g — v2)) = CM gxp(tty, v1) A CM g3 (14, v2)
And,
CNxp((wy — uz), (vy — v73)) = CNg (1 — ;) V CNp(vy — v72)
< {CN4 (1) V EN 4z (uz)} V {CNp (1) V CNp(v7)}
= {CN4 (1) V CNp (1)} V {CN4 (1) V CNp(v3)}
= CNgxp (1, 1) V CNgxp (12, 1)
= CNgxp((uy — ), (01 — v3)) < CNogup (g, v1) V CNgxp(thy, 1)
0
CM x5 ((u1thz), (v1172)) = CM 4 (111;) A CMp(v1v7)
2 {CM 4 (1) N CM 4 (uz)} A{CMp(v1) A CMp(v2)}
= {CM 4 (u1) A CMp (1)} AM{CM 4 (u2) A CMp(v2)}
= CM gxp(ty, v1) A CM 45 (Uz, 173)
= CM xp((Uythz), (0102)) = CM g (g, v1) A CM g5 (12, v2)
And,
CNaxp((w11z), (v1173)) = CNy (U uz) V CNp (v 1)
< {CN (1) V CN g ()} V {CNp (1) V CNp (v2)}
= {CN4 (uy) V CNp (1)} V {CN4 (uz) V CNp(v3)}
= CNgxp (g, 1) V CN gz (12, 1)
= CNaxs((uythy), (11172)) < CNgxp(tey, v1) V CNgxp (1, v2)
Corollary 3. Let V; be NRs and A; be intuitionistic multi-fuzzy sub-NR of IV; for < =
1,2, ...,n, then [[? A, is an intuitionistic multi-fuzzy sub-NR of [[}-; V; where
CM 4, xyx.. x A, (Mg, s my) = Nizq CM 4, (n;) and CN 4 xAiyx..xAp (N1, Mg, ey Mp) =
i=1CNg,(n) Yy € ;.
Proposition 3.16: Let U and V be two NRs, and A and B be the intuitionistic multi-
fuzzy ideal of U and V, respectively. Then, A X B is also an intuitionistic multi-fuzzy
ideal of U X V (Al-Tahan et. al.,, 2021 & Sujatha, 2014).
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Proof. Let A and B be two intuitionistic multi-fuzzy sub-NRs and
(uq, 1), (u,,15) € U X V, then we are to show conditions of Definition 3.2. (I) and
(I1) has been done in proposition 3.15 then;
CM xp((uy + uy — wy), (v + v — v1)) = CM 4 (ug + Uy — uy) ACMp(vy +
vy, — 1) = CM 4 (1y) ACMg(1r,) = CM 45 (1, v5) ~ A, Bare IMFI's
= CMxp((uy + Uy — ), (vy + v3 —v7)) = CM gup(Uz, v3)
and CNgxp((uq + 1y — uq), (v1 + v3 — v7))

=CN, (uy +uy —uy) VCNg (g + v, — 117)

< CN4(uz) V CNp (1) = CNgup (g, v2)
= ClNaxp((uy + 1y —uy), (vy + 5 — 1)) < CNgxp (e, v72)
Also, CM 4z ((1113), (v1173)) = CM 4 (g uz) A CMp(vyv3) = CM 4 (uz) A
CMg(vy) = CM 45 (1hy,15) = A,Bare IMFI's
= CM gxp((Uythy), (1112)) = CM g5 (g, v2)
And, CNxp((11uz), (v1173)) = CNg (U uy) V CN(v113) < CN4(uz) V
CNp(v2) = CNgxp(tz, v72)
= CNaxs((uythy), (v113)) < CNgxp (1, v2)
Letn,,n, € N then,
CM x5 ((wy + ny)uy — uiy), (07 + )0y — 1v113))

= CM 4 ((wy + ny)uy — wyty) ACMp((vy + np)vy, — v4v7)

= CM4(ny) A CMz(ny) = CM 4x5(Ny, n3)
= CMgxp (g + Ny Uy — ugthy), (01 + M)y — v113)) = CMgxp(ny, ny)
And CNgup((ry + nyuy — wguy), (07 + ny)vy — v1173)) = CNL((wy + nydu, —
UUy) V CN((v7 + np)vy — v103) < CN»(ny) V CNp(ny) = CNgxp(ng, 1)
= CNaxs((uy + Uy — ugy), (vy + np)v, — v413)) < CNygup(ny, ny)
Corollary 4. Let V; be NRs and A, be intuitionistic multi-fuzzy ideals of
N; fori = 1,2, ...,n,then [T} A, is an intuitionistic multi-fuzzy ideal of

T=1 NV where CM 4. x4, x..xa, (M1, N2y s ) = N CM 4, (1)

and chﬂlxcﬂzx...Xcﬂn (nli ny, -y nn) = V2=1 C’Na% (n%) Vn; e ]V:L
Example 14. Let (Z, +,7) be a NR and A, B be two intuitionistic multi-fuzzy ideals
of Z defined in example 10. Then A X B is an intuitionistic multi-fuzzy ideal of Z X Z
with count functions given by;

(0.5,0.4) if s is multiple of 5 and 2/t
CM 4x5(s, t) =14(0.4,0.3) if s is multiple of 5
(0.3,0.2) otherwise
(0.5,0.6) if s is multiple of 5 and 2/t
CN 45 (s,t) =4 (0.6,0.7) if s is multiple of 5
(0.7,0.8) otherwise

Definition 3.17: Let V' be a non-empty set and A be an intuitionistic multi-fuzzy set
of Nand @ = {6,,0,,05,...,0,},6 = {61,65,...,6,} where 6,5 € [0,1] with 6 + § <

1 then level subset of an intuitionistic multi fuzzy set A can be defined as;

(A)gs ={s€ N |CM4(s) = 0 and CN,(s) < 8}
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Proposition 3.18: Let IV be a non-empty set, and A and B be intuitionistic multi-
fuzzy sets of V', then the following results hold;
(A)gs € (A)yg,if0 =yand 6 <0

(A)1-65 S (Ags S (Ao, 1-0

ACSB=(A)gs S (Blos
(ANB)gs = (A)gs N (Blos
(N A)os =N (Aido,s
(C’q)o,l =N

(AUB)gs 2 (A)gs U (Blos
Remark 7. Equality hold for Viiif 8 + § = 1.
Theorem 3.19: (Sujatha, 2014) Let (V, +,-) be a NR and A be an intuitionistic multi-
fuzzy sub-NR of V" then (A)g 5 is sub-NR of V' V 6,5 € [0,1] with 6 + 6 <
1and CM 4(0) = 0, CN,4(0) < 6.
Proof. Given that CM 4 (0) = 6,CN.4(0) < 6 and
let A isanIMF sub— NRof V and s,t € (A)g s
= CM4(s) =2 0,CN4(s) <Sand CM4(t) = 6,CN,4(t) <6
= CM4(S)ANCM 4(t) = 6 and CN4(s) VCN,4(s) <6
SCMU(s—t) 2 CM4(S)ANCM4(t) =20 and CN41(s —t) S CNL(S)VENL() <6
Hences —te (A)gs
Also, CM 4 (s t) = CM () ACM 4(t) = 0 and CN4 (s t) S CNL(S)VECN,L(E) <6
Hences.t € (A)gs
Theorem 3.20: Let (V', +,) be a NR and A be an intuitionistic multi-fuzzy ideal of
then (A)g s isanideal of N V 6,6 € [0,1] with 6 + 5 <1 and CM4(0) =
0, CN,4(0) < 4.
Proof. Given that CM 4 (0) = 0,CN4(0) < 6 and
let A bean IMFI of N and s,t € (A)gsanda,beN
= CM,4(s) = 6,CN,4(s) < §and CM 4(t) = 0,CN,4(t) < 8. Then we are to show the
conditions of Definition 3.2.
>CMyla+t—a) =CM,4(t)=0andCN (a+t—a) SCNLE) <6
Hencea+t—ae(A)gs
Also,CM 4(a-t) = CM4(t) =20 and CN z(a-t) S CN4(E) <6
Hence a.t € (A)gs
Now, CM 4 ((a + )b — ab) = CM4(t) = 6 and CN;((a + t)b — ab) < CN,(t) <8
Hence ((a +t)b — ab)e (Ags
Definition 3.21: If A X B is the Cartesian product of two intuitionistic fuzzy multi-
sets and 0 ={6,,60,,0,...,0,},6 = {8;,0,,...,6,} where 0,5 €[0,1]with6 +§ <
1 then level subset of A X B can be defined as;
(AXB)gs =1{(s,t) | CM 4(s) ACMp(t) = 6 and CN,4(s) V CN(t) < 6}
Proposition 3.22: Let )V be a non-empty set and A, B be two intuitionistic fuzzy
multisets of V', then (A X B)gs = (A)gs X (B)gs
Proof. Let (s,t) € (A)gs X (B)gs © s€(A)gsandt e (B)gs © CM,4(s) =
0 and CN4(s) < 6 also,CMy(t) = 6 and CNp(t) < 6 & {CM 4(s) ACM3(t)} =
0 and {CN4(s)VCEN,L()} <6 © (s, t) e (A X Bgs
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Hence (A X B)gs = (Ags X (Blos
Theorem 3.23: Let (W, +,") be a NR and A, B be two intuitionistic multi-fuzzy sub-
NR of IV, and A X B is an intuitionistic multi-fuzzy sub-NR of N X N then
(A X B)g s issub-NR of ' X V..
Proof. Let A X B be an IMF sub NR of N X V" and (s3, t1), (53, t;) € (A X B)g s then;
= CM4xp(51,t) = CM4(s1) A CMp(t;) = 6 and CNgxp(s1, t1)
= CN4(s;) VCNp(t;) =6
similarly, CM 455 (S, t;) = CM 4(53) A CMg(s,) = 6 and CN 44 5(S,, t3)
= CN4(sz) VCNp(t,) =8
= CM qxp{(S1, t1) = (S2,t2)} =2 CM 4xp(51, t1) A CM 4x5(S2, t2)
> 60 and CNgxp{(s1,t1) — (S2,t2)} < CNgxm(S1, t1) V CNgxp(S2, t2)
<é
= {(s1,t1) — (s2,t2)} € (A X B)gs
Also, CM 4x3{(s1, t1) " (52, t2)} = CM 4xp(S1, t1) A CM 4x3(S2, t2)
> 60 and CNgxp{(s1,t1) " (S2,t2)} < CNgxp(s1,t1) V CNgxp(S2, t2)
<é
= {(s1,t1) " (52, t2)} € (A X Bgs
Theorem 3.24: Let (V, +,) be a NR and A, B be two intuitionistic multi-fuzzy ideals
of M and A X B is an intuitionistic multi-fuzzy ideal of N’ X N'.TAen, (A X B)g s is
an ideal of ¥ X V" (Sujatha, 2014).
Proof. Let A X B be an IMFI of N X V" and (sq, t;)€ (A X
B)o,s (a1, b1), (az, by) € N X NV then; CM 4x5(s1, t1) = 0,CNygxp(s1, ) <6
= CM axp{(ay, by) + (51, t) — (a1, b1)} = CMgup(sy,t1) = 0
And, CNgxp{(ays, by) + (s1,t1) — (a1, b1)} < CNgup(s1,t1) <6
= {(ay, by) + (s1,t1) — (a1, b,)} € (A X B)gs
Also, CM 4xp{(as, by) - (S1,t1)} = CM 4xp(Sy, t1) = 0 and CNygxp{(as, by) - (51, t1)} <
CNaxp(s1,t1) <6
= {(ay, by) " (51, t)} € (A X B)gs
Also, CM 45 p{((ay, by) + (51, t1))(az by) — (aq, by)(az, by)} = CMyqup(sy,ty) = 6
And CNxz{((as, b1) + (s1,t1))(az bz) — (ay, b1)(az, b3)} < CNygxp(s1, ) <6
= {((ay, by) + (s, t1))(az, by) — (ay, b1)(az, b))} € (A X B)gs
Lemma 3.25: Let (V, +,-) be a NR, and A be an intuitionistic multi-fuzzy ideal
of V' then; CM 4(ay + a, + -+ ap) = A1<isn CM 4(a;) and CN4(ay + a, + -+
an) < VicisnCNy(a;)) Va eV
Theorem 3.26: Let (V, +,) be a NR under standard addition and multiplication is
definedasa-b = bV a,b eV, and A be an intuitionistic multi-fuzzy ideal of V.
Then, A'is an intuitionistic multi-fuzzy ideal of (matrix near ring) M, (V') where
CM 4 and CIV 4 can be defined as; C’Mcﬂr([aq]) =
Msijen CM4(ay;) and CN 4 ([ay;]) = Vicijen CN 47 (ai;) Y @y, by € My (V).
Proof. Let [aﬁ] , [bq] € M, (V) then we are to show conditions of Definition 3.2.
CMA’([‘%;] - [bq‘]) = Misijsn CMCA(%;‘ - bi;‘) 2 A1s¢,;;5n{cj"[dq(a¢;') A
CM, (bi;‘)} = {A1zijen CMCA(%;;)} A{ Ai<ijsn CM 4 (b¢j) }= CMA’([%;’D A
()
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And N g ([ai;] = [bi;]) = Visojen CNaay; — byy) <
Vi1<ij<n{CN4 (aq‘) VCN, (biy’)} = {V1<ij<n CN4 (aq’)} V{Vicijen CN4 (bq‘)} =
N ([ay]) v EN L ([by])
(I1) and (1V) of definition 3.2; Since [ai;] . [bq-] = [CM-] where ¢;; = by; +by; + - +
bny = Mz ([ay] - [bis]) = CM 4 ([c;5]) = Mcijen CMa(cyy) =
Misijen CM4(c1;) but CM 4 (cy;) = CM 4 (by;) ACM4(by) A .. NCM 4 (by;) =
M ([ay] - [by]) = €M (by,) ACM 4 (Do) A .. A CM 4 (by;) =
Msien CMa(bi;) = CM 4 ([byy])
And CN g ([ay] - [by]) = EN 4 ([cys]) = Viciyen CNa(eyy) =
Vicijen CNg(c1;) but CNy(cy;) < €Ny (byy) V ENY(byy) V ooV CNg (bry) =
CN o ([ay] - [bii]) < CNa(by;) V ENg(B2y) V ooV CNY (Bry) = Vicijen CNa(by;) =
)
Also, CM 4 ([ai;] + [bi;] — [aii]) = Mcijen CMa(ay + by — ay;) =
Msijsn CMa(by) = CM 4 ([biy]) and CN o ([ay] + [by] = [a;,]) =
V1s¢,y5n CN4 (a/ij + bq‘ - aq‘) < V1s¢,;'5n CN4 (bq‘) = CNCA’([qu
Let [ci,] € M, (V") and {([aq-] + [bﬁ])[cq-] — [aq-] [CM-]} = [dij] whered;; =0V 1<
i,7 < nthen My ([dy;]) = Arcijen CM4(dy;) = CM4(0) = €M 4(by;) =
M ([bis])
And CN 4 ([di;]) = Vagijen CNa(di;) = CN1(0) < CNy(byy) = CN 4 ([by])
Example 15. Let (Z, +,”) be a NR and B be an intuitionistic multi fuzzy ideal
of Z defined in example 10 then
aq1 alz]) _ {(0.5,0.4) if [a;;] is divisible by 2
(0.4,0.3) otherwise
{(0.5,0.6) if [a;;] is divisible by 2
(0.6,0.7) otherwise
is an intutionistic multi fuzzy ideal of M, (Z).
Theorem 3.27: According to Al-Tahan et. al. (2021), let (V, +,-) be a NR under
standard addition and multiplication is definedasa*b = bV a,b € N and A be an
intuitionistic multi-fuzzy ideal of V. Then, A'is an intuitionistic multi-fuzzy ideal of
B, (). where CM 4 and CV 4 can be defined as; CM 41 (hg + hys + hys? + -+ +
1,S™) = No<isn CM 4 (R) and CNV 1 (hg + hys + Rys? + -+ + Rys™) =
Vo<izn CNc,q’ ((f%)) vV h(s) e Pn(N)
Proof. Let Ai(s), g(s) € P,(N) where A(s) = hy + fiys + hps? + -+ h,s™,g(s) =g +
g1 + g;8% + +++ + g, s™ then we are to show conditions of Definition 3.2.
D CMCA’(h(S) - 9(5)) = Nosisn CM (R — i) = No<isnlCM 4 (Ry) N CM ()} =
{Nosizn CM (1)} A{Aogisn CM4(9:)} = CM 1 (R(s)) — CM 41(g(s))
And ENV 4/ ((s) = g(s)) = Vosien CNa(h; — 9:) < Voeien{CNL (R V CNL(9,)} =
{Vosisn CNA (1)} V {Vosicn CNL(g:)} = CN 41 ((s)) = CN41(9(s))
(ID and (IV) (s) - g(s) = g(s) = M4 (h(s) - g(s)) = CM 11 (g(s)) = M 4 (g(s))
And €NV i (R(s) - g(s)) = CN 1 (g(s)) < EN 4 (g(s))

e (|

az1 Ay

o (3227

az1 Az
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(D), M 41 (R(s) + g(s) — 1(S)) = Nosisn CM 4 (R + 9; — 1) = No<isn CM4(9:) =
CMJI'(Q(S)) and CNV 4/ (A(s) + g(s) — 1(s)) = Vocisn CN4 (R + 9, — hy) <

Vosisn CN4 () = CNA’(Q(S))

(V), Let u(s) € P,(W) where «(s) =« + 1S + uy5% + -+ + u,s™ and ((h(s) +
9())u(s) — h(s)g(s)) = 0 = CM4(0) = CMq(14;) = Aossn CMa(1t;) =
CMﬂr(u(s))

And, CN,4(0) < CN, (1) < Vogien CNL(0y) = CNA’(“(S))

Example 16. Let (Z, +,7) be a NR and B be an intuitionistic multi-fuzzy ideal

of Z defined in example 10 then;

(0.5,0.4) if hg, iy, Ry, by are divisible by 2
(0.4,0.3) otherwise
(0.5,0.6) if hg, Ay, hy, A5 are divisible by 2
(0.6,0.7) otherwise

It is an intuitionistic multi-fuzzy ideal of P;(IV.)

Proposition 3.28. Let (I, +,-) be a NR, and A be an intuitionistic multi-fuzzy ideal
of V', then A'is an intuitionistic multi-fuzzy ideal of P, (V") where

CM 4 and CV ;s can be defined as; CM 4 (hgy + hys + hys% + -+ hys™) =

2 X
CM 4 (fig)and CN (ho +his + fslgf teet hn) = Oy (o) V A(s) € P, (V).

CM(hO + hls + hZSZ + h353) = {

CN (g + fiys + hys? + hys?) = {

Proof. Same as theorem 3.27.

5. Conclusion

This study constructed the concept of intuitionistic multi-fuzzy near-rings and
intuitionistic multi-fuzzy ideals. It explored and illustrated some properties related
to intuitionistic multi-fuzzy near-rings and intuitionistic multi-fuzzy ideals.
Moreover, it investigated the support, level subsets and Cartesian product of
intuitionistic multi-fuzzy near-rings and ideals. It established results associated with
all these new constructions. This work contributes to fuzzy set theory, widely used in
multi-criteria decision-making and pattern recognition problems. In the future, one
may extend these notions to Al-related decision-making and pattern recognition
research. Alternatively, extending to inter-valued fuzzy systems or applying the
intuitionistic multi-fuzzy idea to vector spaces and modules is possible.
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