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more accurate study of relevant process. It identifies the efficiency,
and inefficiency of the sub-units in the system being evaluated. This
study focuses on two-stage inverse data envelopment analysis (DEA)
problems. In these problems, a portion of the outputs from the first
period is used as inputs in the second stage. For this purpose, several
models are offered to address the input/output estimation problem, in
which decision makers should deal with intermediate products and
shared and non-shared inputs in a two-stage system. Furthermore, the
proposed models are examined using a window DEA because of the
importance of assessing repetitive processes in some two-stage
systems. Next, an Iranian bank is considered as a case study to further
elucidate using the presented models. Finally, we present a conclusion
and suggestions for further research.
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1. Introduction

Data envelopment analysis (DEA) is a non-parametric method to evaluate the performance of a
number of decision-making units (DMUs). In DEA problems, multiple inputs of a DMU are consumed
to generate multiple outputs. It is assumed that each DMU contains at least one non-zero input and
output. Charnes et al., [1] were the first to introduce DEA in 1974. Furthermore, inverse DEA is a
critical, and commonly used subfield of DEA in economics, management, and real-world applications.
Wei et al., [2] discussed this subject by asking the following question: if the inputs of under-evaluation
DMU (DMU,) increase, how much its outputs will increase such that the efficiency of that DMU
remains unchanged. The issue described is referred to as the output estimation problem. Hadi-
Vencheh et al. [3] subsequently addressed the same question about the input estimation problem.
The mentioned problem deals with the estimation of the inputs as the outputs of the DMU, increase,
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and the efficiency score remained at the same level. Furthermore, the output/input estimation
problem by increasing the inputs/outputs and improving the performance of DMU, was raised [4].

The classical DEA comprises one-step processes, where the DMU's structure is limited to inputs
and outputs. Gradually, these simple one-step DMUs replaced by DMUs with multiple stages as
network processes became more complex. Therefore, it is crucial to handle these intricate systems,
which are widely applicable in the actual world and need appropriate instruments. Analyzing the
subprocess and the DMU's overall performance is made easier with an understanding of the structure
of the DMU. Neglecting the intermediate structure of DMUs can hinder the accurate analysis of
complex real-world processes, including but not limited to the reallocation of royalties in the
technological innovations, investments, and allocating technological resources at different stages.
Furthermore, classical models fail to accurately assess performance, particularly in cases where the
proportion of intermediate output allocated is susceptible. Besides, comprehending how to allocate
intermediate productions enhances the system's proficiency and intelligence, enabling
decision-makers to make more realistic decisions from a strategic point of view. Jian Feng [5] proposed
a two-stage DEA model that simultaneously takes into account the intermediate products and input
structure in order to address the problems with classical DEA. The model's goal was to evaluate
efficiency by using the intermediate products from the first stage as inputs in the second stage. The
model they proposed considered the input structure of DMUs based on the distinction among the
inputs assigned to each stage and the common ones.

As mentioned before, the examination of the internal structure of DMU holds significant
importance in the practical and real-world cases. Managers and decision-makers require strong
theoretical and practical support to manage overall performance, and effectively identify the causes
of inefficiencies. In addition, inverse DEA is important in theoretical and real-world settings.
Theoretically, managers may use credible scientific data to support their decisions about resource
allocation and product delivery. In practice, they can optimally allocate resources and adjust product
supply for a set of DMUs while keeping predefined conditions. However, in the classic inverse DEA
models provided in the literature (e.g., [2], [3], and [4]), the internal structure of DMUs was ignored,
and DMUs were considered black boxes. Consequently, the analyses provided for the input/output
estimation problem were made independent of the DMU’s interior. Then, issues related to efficiency,
inefficiency, causes of inefficiency, and actions that can be taken to improve or eradicate inefficiency
will not be in line with reality in terms of various factors, such as common inputs, intermediate
outputs, intermediate inputs, and other elements that have an impact on the evaluation system, but
were not considered in the previous models.

This paper considers the inverse DEA as a suitable approach to estimate inputs/outputs, and
resource management in two-stage processes to address the shortcomings mentioned. In this paper,
we present the inverse case of the Jian Feng [5] model, which permits the evaluation and analysis of
system performance with intermediate products and input structures taken into account
simultaneously. Moreover, the concerns mentioned above are examined from point of view of
window DEA. Our methods can help decision-makers and managers make their policies based on what
happens in the system under evaluation.

The most important novelties of this paper are as follows:
i.  This study presents the inverse case of two-stage DEA models, which address both the
ii. intermediate output, and the input structure while aiming to estimate all or a portion of
iii.  inputs and improve system performance.
iv.  The expression and proof of necessary and sufficient conditions for estimating the output
of DMU in the two-stage models are described.
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v.  Considering the importance of analyzing repetitive processes in some two-stage systems,
the problem is discussed from the viewpoint of window DEA. Consequently, models,
applications, and some properties of mentioned system are discussed.

The remaining parts of the paper are organized as follows: Section 2 contains the literature review.
Section 3 provides a background of inverse DEA, multi-objective programming (MOP), and two-stage
DEA models. In section 4, we provide modeling of the inverse case of two-stage DEA and present some
properties of the problem. Then, a numerical example is given to examine the models in section 5.
Finally, the conclusion is given in Section 6.

2. Literature review

DEA models asses the performance of a number of DMUs, which utilizes multiple inputs to
generate multiple outputs. Banker et al., [6] categorized the efficiency of a DMU into technical
efficiency, and scale efficiency. The study conducted by Fare et al.,, [7] examined the impact of
probability on technical efficiency. In order to determine the total efficiency of the DMU, Kao [8]
calculated the regressive mean of the individual outputs' efficiencies. Charnes et al. [9] conducted a
pioneering investigation into internal information loss within a single-mode model, employing a
two-stage methodology to analyze military recruitment. In classic DEA methods, regardless of the
middle phases of production procedure, a DMU is considered a "black box" in which the initial inputs
to generate outputs are in a single process, i.e., the inner form of the DMU is often ignored. There is
a lack of information regarding the specific component of a DMU that is responsible for inefficiency,
as stated by Lewis, Mallikarjun, and Sexton [10], as well as Wang, Huang, Wu, and Liu [11]. Although
more information was obtained on the inefficiency of DMUs by decomposing the performance into
various components, these studies cannot open the black box in terms of the concentration on the
structure of DEA models. Furthermore, based on the internal structure of DMUs, many researchers
attempted to break through the "black box."

In recent years, Fare and Grosskopf [12], Chen and Zhu [13], Liang et al., [14], and Chen et al., [15]
achieved notable advancements in the expansion of two-stage models within the field of DEA network
models. In order to evaluate the efficacy of DMUs with a two-stage internal structure, they proposed
a two-stage DEA model. In the initial phase, their model transforms the inputs into intermediate
products or middle outputs. In subsequent stage, intermediate products are developed to generate
the ultimate products. In two-stage DEA models, DMUs are modeled as two-subunit systems where
the intermediate products of first stage are regarded as subunit inputs of next stage. While a two-
stage DEA model assists decision-makers in examining a DMU's internal structure and operational
processes, it helps identify unsuitable inputs in the subunits [16]; [17]). The two-stage DEA models
have the capability to assess the overall performance of the DMU and decompose it into the
performance of individual stages through the modelling of inter stages' relationships. Kao and Hwang
[18] posit in their two-stage DEA model that the overall efficiency of the operation is equal to the
product of the efficiencies of the two stages.

Typical two-stage DEA models focus initially on the interior form of DMUs or the interdependence
of various sub-processes on DMUs. Using these models is not suitable or sufficient when inputs or
middle values have complex forms. A few researchers investigated this matter and improved the
models with respect to the input distribution at various stages. For instance, Yu and Fan [19] and Chen
et al., [20] provided a two-stage DEA model with common inputs between the first and second stages.
Liang et al., [21] and Chen et al., [22] provided a two-stage model with added inputs to the next stage.
Castelli et al., [23] gathered a wide range of categorized models and techniques specifically designed
for different multi-stage architectures, beginning with a basic foundation. Fukuyama and Weber [24]
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developed a slack-based model to address a two-stage system that involves undesirable outputs. Liu
et al., [25] examined DEA models for processing network structures. Cook et al., [26] presented a two-
stage DEA model for assessing the performance of a two-stage network procedure in which some
inputs are straightly related to both stages. They extended their model to a two-stage network where
the second stage contains inputs, and parts of the first stage's outputs are not always regarded as
inputs of the subsequent stage. Zha and Liang [27] provided a method for handling two-stage process
where primary input can be flexibly assigned. Nevertheless, there are several issues with their
strategy. It forbids utilizing more inputs directly in a later phase and sharing intermediate products.
Yu and Shi [28] improved the approach put forward by Zha and Liang [27], who looked more closely
at the two-stage procedure's structure. The suggested approach involves using supplementary inputs
and a portion of the outputs from that first stage as inputs in the subsequent stage. Despite providing
a parametric approach to examine two-stage structure described, the structure could not
accommodate the existence of shared inputs or ultimate outputs directly derived from stage one. A
two-stage DEA model was introduced by Yu and Shi [28], wherein additional inputs are incorporated
into the second stage, with the part of middle products considered as the final output. Izadikhah et
al., [4] proposed a two-stage model where DMUs are composed of two sub-DMUs. The sub-DMU of
the first stage uses a fraction of the intermediate products from the sub-DMU of the second stage.
The main input may be assigned to one of the two subordinate DMUs. Moreover, the second stage
immediately consumes new inputs, enabling sub-DMU in the first stage to generate ultimate outputs.

Inverse DEA was first presented by Zhang and Cui [29] for evaluating efficiency of sub-units in a
project evaluation system in China. A typical form of inverse DEA was introduced by Wei et al. [2] to
handle the topic as an output estimation problem. To achieve this, they proposed the multi-objective
linear programming model (MOLP). They then tackled the issue by transforming the MOLP into a linear
programming problem with a single objective function. Many researchers examined and modified this
concept following the introduction of inverse DEA. Jahanshahloo et al., [30], [31]) expanded upon the
models proposed by Wei et al., [2] and improved upon them by introducing surplus inputs. Hadi-
Vencheh et al., [3] presented the input estimation problem and modified the sufficient conditions
provided by Wei et al.,, [2]. In their study, Hadi-Vencheh et al., [3] recommended using a strong
efficient solution instead of a weakly efficient solution to estimate the input with increased output.
Besides, several relevant scholarly papers have explored the use of inverse DEA, including the
existence of time dependence [32], fuzzy DEA [33], and the inverse DEA problem using pricing
information [34].

This study investigated input/output estimation problem in a two-stage DEA process. It considers
the input, and output factors and the internal structure of the under evaluation DMU. This approach
will make it easier for managers, investors, and decision-makers to create an expert system. We
provide the inverse case of Jian Feng [5] in order to evaluate and analyze the performance of a two-
stage DEA method that considers both intermediate products and input structures. Furthermore, we
analyze the mentioned challenges, namely input/output estimation problems in a two-stage process,
using a window DEA approach. This approach simultaneously considers the internal processes of
DMU, including shared inputs, intermediate inputs, and outputs.

Subsequently, we present basic concepts and models used in our proposed models and
methodology.
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3. Background
3.1. Multi-Objective Programming
Let g: RP » R%and g’: RP — R¥ are vector functions, an MOP problem generally is as follows:

Minimize g(x)
Subject to (1)
gi(x) <0 , j=1,...k

in which g(x) = (g:(%),...,8¢(X)) and g'(x) = (g1(x),..., gk(x)). Furthermore, the set
X = {X € RP; g; x)<0,j=1,2,. ..,k} is called a set of feasible solutions. Since there is usually no
optimal solution for these problems, the efficient (Pareto), and weakly efficient (weak Pareto)
solutions are defined as follows:

Definition 1. A feasible solution x* € Xis called a Pareto solution for the MOP if there is no feasible
solution x° € Xthat gj(x°) < g;(x*); j=1,...,q.

Definition 2. A feasible solution x* € X is a weak Pareto solution for MOP if there is no feasible
solution x° € X that g;(x°) < g;(x*); j=1,...,q.

3.2. Inverse DEA
Suppose that n DMUs with m inputs and s outputs are given and DMU,; 0 € {j=1,2,...,n}is
the DMU under evaluation. Besides, the vectors X; € R™>+0; (j=1,2,...,n)and Y € RS >+ 0;
(G =1,2,...,n) are input and output vectors corresponding to DMU;, respectively.
The envelopment output-oriented model for efficiency evaluation of DMU, is as follows:
P,=Maximize @

Subject to (2)

n

Z. | AiXij < Xio : i=1,2..,m
]:
n r=1,2,...,s

Z_ L Aerj = PYro ’
]:

A =0 , j=1,2,...,n

Wei et al., [2], in 2000, proposed inverse DEA as a solution to "output estimation problem": how
much should the output of the unit rise if the inputs of unit under evaluation DMU, increase while
keeping the efficiency index (¢, ) constant?

The same question was then posed from an alternate point of view by Hadi-Vencheh et al., [3] in
2008 as an "input estimation problem," in which the amount of increase in DMU,'s inputs would be
assessed if its outputs increased, and the efficiency score remained unchanged. Estimating an
evaluation unit's output while increasing inputs and efficiency was a problem that Jahanshahloo et al.,
[30] addressed in 2004. Subsequently, they investigated the input estimation problem concerning a
steady efficiency index and increasing outputs. In addition, several models for estimating the input
surplus were provided [31].

The output estimation problem is defined as follows:
Suppose that certain inputs of DMU, are increased to a specific amount. How much will the output of
this unit increase so that the performance of this new unit remains unchanged with respect to other
units?
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Assume that inputs of DMU, are increased from X, to a, = X, + AX, sothat AX, = 0 and AX, #
0. Then, by Keeping the efficiency index (¢,) unchanged, how should be estimated the output vector
B¢ in which:
Bo = (BIO’ B2os e Bzo)t =Y, + AY,; AY, =0

To answer aforementioned question, the following MOLP was proposed by Wei et al., [2]:
Maximize (B1q, B2os--+» Bso)

subject to a)
Z“ AjXij < Qo ' i=1,2,..,m
j=1
Z?_l A¥rj 2 9oPro ’ r=1,2..,s
Bro 2 ¥ro , r=1,2...,s
% =0 , i=1,2,...,n

In model (3), (A, B,) € RP X RS is the vector of variables, and @;, is the optimal solution of model
(2). Wei et al., [2] studied the output estimation problem using the following theorem:

Theorem 1. Let inputs of DMU, are increased from X, to a, = X, + AX,, such that AX, =0
and AX, # 0:

a) If @5 = 1, then @ (oo, 95Yo) = @(Xo, Yo).

b) Suppose that @y > 1 i.e., DMU, is inefficient. If (A%, Bg) is a weakly Pareto efficient for the
MOLP

(3) and outputs of DMU,, are increased from Y, to 3;, Then the performance level of new DMU

will remain unchanged. In other words:

@ (o, Bo) = 9(Xo, Yo)

Conversely, if (A%, By) is a feasible solution for the model (3), and efficiency index of the new DMU
remains unchanged, i.e., @(a,, By) = ©(X,, Yy), then (A%, B3) is a weak Pareto solution for this
problem.

In 2004, Jahanshahloo et al., [30] developed the output estimation model provided by Wei et al.,
[2] considering the condition that the efficiency of new unit is improved from g by amount of % n
100 (¢5—1)

o

where 0 <n < . They also defined the concept of inputs surplus as follows [31]:

o
Definition 3. The inputs surplus of a DMU is the maximum input reduction to maintain the unit's
output and performance level.
The following model was presented to determine the amount of input surplus, considering the
efficiency improvement in the output estimation problem [31]:

Maximize 60 = (810, 820; ey Smo) (4)
Subject to
n i= 1, 2,...,m
Do Wi S (o= o) :
]:
n . r= 1, 2, vy S
Z' ) Ay = (1- %) PoPro ’
]:
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Qo = 0 , i=1,2,..,1m
}\]20 , j=1,2,...,n

In 2008, Hadi-Vencheh et al. [3] considered and answered the following question about an input
estimation problem:

If specified outputs of DMU, are increased to a given amount, then how would the inputs of
DMU, increase such that the performance score of this new unit remains unchanged with respect to
the other units? It means suppose that outputs of DMU, increased from Y, to B, =Y, + AY,,
(AY, = 0 and AY, # 0), then how should the inputs vector oy be estimated such that the
performance level stays at 6, in which o} = (o}, ..., @) = X, + AX,, AX, = 0.

To answer the above question, the following MOLP was proposed:

Minimize oy, = (010, A2 ---» Cmo) (5)
Subjectl'lco
Z].:l Ajxij < 050, ’ e m
z; A¥rj 2 Bro ’ r=12..,s
o 2 ' ii=112,..,m
h20 : i=1,2,...n

In the model (5), (a,, A) is the vector of variables, and 65, is the optimal value of the input-oriented
model for efficiency evaluation of DMU,. To address this model, the following theorems were
provided by Hadi-Vencheh et al., [3].

Theorem 2. If (ag, A*) is a Pareto efficient solution for the MOLP (5), then:

0(ao,, Bo) = 6(Xo, Yo)
Theorem 3. If (ag, A*) is a weakly Pareto efficient solution for the MOLP (5) in which oy > X,
then:

(a5, Bo) = 0(Xo, Yo)

3.3. Two-stage DEA
In the classic DEA models, DMU is a "black box" (represented by the dotted line in Figure 1), in
which either the information is missing or its internal structure is not considered. Consequently, the
DMU in these models exclusively utilizes primary inputs to generate final outputs, irrespective of the
different stages of its internal processes. Therefore, it is impossible to measure the performance of
sub-processes or the inefficiency of DMUs to enhance the performance of internal operations and the
total efficiency of DMUs. The significant features of the model presented by Jian Feng [5] are as
follows:
i.  Modeling the interior form of a DMU is within a network structure.
ii. Inputs of the DMU are arranged into three groups: primary inputs, added inputs, and
common inputs. )
iii.  The model is capable of reviewing‘the performance values based on the traditional model
and can evaluate it using the conventional two-stage model.
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Fig. 1. A Two-stage Network with common inputs and free middle productions

Consider a group of DMUs like DMU;; (j = 1, ..., n). Assume that each of these DMUs takes part
in two-stage DEA procedure shown in Figure 1 so that for each DMU, there are three types of inputs:
the primary, the additional, and the shared inputs. The primary inputs are shown as x; ;; i; € Iy, the
shared inputs are as X ;;; i, € [ inwhich L U I, ={1, ..., m} &L, N I, = @, 0;,; and (1 — 0;;)
are the amount of input x"izj that are assigned to the stage 1 and stage 2, respectively. Similar to the
constraints mentioned in Cook and Hababou [35], L} ; < 0;,; S L ;; (i €1, Li; >0, Li;<1;

j=1,..,n).

It is obvious that the closer the value of oy,; is to zero, it is expected that the efficiency of stage 1
to be higher and the efficiency of the stage 2 to be lower. Conversely, the closer oy is to 1, the higher
the efficiency of the stage 2 and the lower the efficiency of the stage 1.

Furthermore, the additional inputs are stated as x’k]-; (k=1,...,9). Zgj; (d=1,...,D), isthe
output of the first stage that part of it i.e., Sd].zd]. forms input of the second stage. Other part of it i.e.,
(1- dezdj) is considered as the final output of DMU in which Héj < Sdi < Hﬁj; H}jj > 0and H(Zh- <
1, and final outputs of the second stage are represented as Yrjs (r=1,...,95).

Now, consider two-stage procedure shown in Figure 1 with (H(Zij < 1). More precisely, for each
DMU, two decisions must be made, including the allocation of resources and the reassignment of
intermediate products. Considering a two-stage procedure with common inputs and free middle
products, the performance score of the DMU, in the first and second stage is denoted by ®SF!
and ®53F?, respectively. Furthermore, overall efficiency ®3F is calculated as follows (Jian Feng [5]):

% g U
d=1 Yd Zdo

q)(S)Fl —
E Vi, Xij0 + E Vi, Oiy0 Xi,0
S u y
r=1 rJro
CD(S)FZ —

" " q ! D ’
Z. . vi, (1 =05,0) X, + Z k1 VkXko T Z de1 Ud Odo Zdo
12€l;

Moreover, the total performance for DMU, is considered as w; ®5F! + w, ®3F2 = ®5F, where:
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Z Vll Xi]_O + Z Vlz Gizo XizO

W1 =
"o q . D ’
Z. Vi, Xijo +Z_ Vi, Xizo+ Z k=1 'k Xko + 2 d=1 Yd 8do Zdo
11611 12612
and
" 1 " q It D I 5
. Viz( _Gizo) Xizo+ Z k=1 Vi Xgo T Z d=1 Uqg Odo Zdo
12612
W2 =

" " q ' ’ D ’
z . Vi, Xj0 t z ) Vi, Xi0 + Z k=1 Yk *ko + Z d=1 Yd 8do Zdo
11€ I]_ 1€ 12

DEA model to assess the total efficiency of the DMU, is presented as the following fractional
model:

D ' S
Z d=1 Yd Zgo + X r=1 Ur¥ro

®3F = Maximize . -
woow g ,
z ) Vi, Xij0 + z ) Vi, Xi,0 + Z k=1 Vi Xko T Z d=1 Uy 8do Z4o
11EI1 IZEIZ

subject to (6)
D
D ey Va7 =1
— = n
d=1 - - S 1 ) ) ’ ’
Vi, X +Z Vi Oi,i Xi_;
211611 17 ?11) ibel, ip ~12] *igj
S
Ury
Z =g 7T <1 ) r=1,...,S

" " q D
Vi (1-0i,i) X;_: + Z VI X+ Z uly 84 Zgi
Zizelz i 1217 %igj k=1 k 7Kj d=1 d ~dj “q)

1 2 ; .
Lizj So'izj < Lizj , 1, € 12,
j=1,...,n
1 2 _
Hd]SSd] S Hd] ’ d—l, . FDP
j=1,...,n
Vi, 20, vy, 20, v =0 . i, € I;
i € Iy;
k=1,...,q

Remark 1. Since the constraints Héj <8y < H(Zij and L}Zj < 0y, < L%zl' included in the model (6)
are in terms of managerial preferences, then they can be considered definite amounts. Therefore, if
these assumptions make the model infeasible, these can be modified by using the goal programming
method.

Finally, using Charnes and Cooper Transformations [36], model (7) is obtained as below:
®SF D S
°  Maximize Z Uy Zgqo + Z Ur Vro
d=1 r=1
subject to (7)
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i€l
. q D
! !

Z Vi, Xj,0 T z Vi, Xiyo + z VkXko T Z Nd Zdo = 1 r=1,...,S

11611 12612

u- >0, uj,ng=0 , r=1, ..,S;
d=1,...,D

vi, 20, vy, 20, v =0 ) i, €Ly
i, €I,
k=1,...,q

in which v, = tv; , u, = tu,, ug = tug, vi = tvy, Nq = ugSy;. Model (7) expresses the total
performance of DMU, for the internal process shown in Figure 1. This model considers the inputs
structure and middle productions at the same time. Jian Feng [5] showed that if u, > ¢, nq, ua > €,
Vi, 2§, V;Z >¢g =6 (r=1,..,S; i,€1; i€ly;; d=1, ..,D; k=1, ...,q) in the model
(7), then the model has a non-zero optimal solution that satisfies the constraints g, ug = 0, u, = 0,
vi, 20, v, 20, v =0,(d=1,...,D;r=1, ..,S; € I;;i, € Ly k=1,...,q)

4. Modelling

The interior structure of DMUs plays a crucial role in most practical and real difficulties while
studying two-stage processes. Decision-makers require theoretical and practical support to optimize
the overall efficiency of units, and thoroughly study the underlying causes of inefficiency. As a result,
this section presents the inverse version model that Jian and Feng [5] suggested. This model helps
decision makers analyze the performance assessment of DMUs by taking into account input structures
and intermediate products at the same time. Furthermore, this study aims to articulate the essential
and sufficient conditions to assess the outputs and all or a portion of the inputs involved in improving
performance. Furthermore, since some production processes are taken place and repeated in several
periods, the models offered are also expressed from a window DEA perspective.

We consider the dual form of the model (7) as follows:

08, = Minimize 0

subject to (8)
n
7 <9
2]-:1 P%dj = Phdo ’ d=1,2,...,D
n
Ajxi,j < 6 ) :
ijl iXiyj = YXijo i el
n
! !
2]-:1 PiXig < OXio ’ k=12...,q
n
zj=1 ((1 = 05,))p; + 0i,jAX,5 < 6%, , i, €1,
n
Nz > ,
ijl jdj = Zdo d=1,2,...,D
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n
Vo >
Z].=1 Pi¥rj = Yro / r=12,...,S
p],AJZO , j=1,2,...,n

The output-oriented of the model (8) is:

¢, = Maximize @

subject to 9)
n
74 <
Zi=1 Pizd) = Bdo ’ d=1,2,...,D
n
Axe < X
Z]_=1 iXi1j = Xijo ’ il € 11
n
~! . < %!
Zzl Pi¥ij = Fko ’ k=1,2,...,q
n
Zj=1 ((1 = 03,1)p; + 03,jA)Xi,5 < X0 ) i, €1,
n
Aizgi = @Oz ,
Z]-=1 i2dj = PZdo d=1,2,...,D
n
Yo >
Z,.zl P¥rj = P¥ro ' r=12...,S
pj,ijO , j=1,2,...,n

Remark 2. The efficiency obtained from two models (8) and (9) is the total efficiency. Therefore,
multiplier models should be used to obtain component efficiency.
Remark 3.
a) It is easy to show that 6; < 1 and @ > 1.
b) If 85 = 1, then DMUj, is at least weakly efficient. The same result is held for DMU, in output
orientation when g = 1.

4.1. Output Estimation

Now, to apply and extend the output estimation problem provided by Wei et al., [2] for the
two-stage DEA framework considering the condition shown in Figure 1, and improving efficiency,
suppose that inputs of DMU, changes from (X,, Xo, X5) to (0o, Mo, Yo) in such a way that:

(O(Of Mo, YO) = (ailof il € Il; I"liZO' i2 € IZ; YkO'k = 1' ey q) = (Xor X'(')' Xi)) + (AXO, AX:), AX:))
where (AX,, AX,, AX}) = 0 and (AX,, AX,, AXL) # 0.

Now, output vector 3, that B, = Y, + AY, and AY, = 0 is estimated such that the efficiency of
DMU, is improved by (1 — %)(p’g. To estimate the output vector, the following MOLP is considered:
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Maximize (f,o; r=1,...,5)

subject to (10)
n
Z]-=1 PiZdj = Zdo ' d=1,2,...,D
n
Axe - < 0
Zj=1 iXi;j = Qijo , i1 c 11
>, o
PjXkj = Yk ,
joq = ko k=1,2,...,q
n
Z]_=1 ((1 = 01,)pj + 03,jA)Xi,; < Hiyo , i el
n
LI
Zi=1 7y 2 (1= 5g0) Podo ’ d=1,2,...,D
n
LI
Z]_=1 ijrj 2 (1 - E)(poBro ’ r=1,2,...,S
Pi,» A =0, Bro=0 , j=1,2,...,n;
r=1,2,...,S

Note that in the model (10), 0 < 0i,j < 1;,(G=1,...,n; i, €, )and 0 <7 S%ﬂz’_n. It is

o
easy to see that if 1 = 0, the performance level of unit under evaluation remains unchanged with

respect to the other units. Besides, in the case thatn = % , the unit will be efficient. Moreover,
(o]

the vector of variables is (A, pj, Bro); (r=1,...,S;j=1,...,n ). Furthermore, (%00 Miyor Yko)s
(ihbely; i, el k=1,...,q9)and (1 - %)cp‘{, as the optimal solution of model (9) improved by
n%, are fixed values. Now, suppose that the newly generated unit after the change in its input and

output levels is shown as DMU,,, ;. To measure the performance of DMU,,,, the following model,
derived from the output-oriented model (9), is presented:

P41 = Maximize @

subjeﬁt to (12)
Zj:l PjZdj T Pn+1Zdo = Zdo , d=12...D
Z]il AiXi i+ g0 < Qo ’ i €1,

Z; PjXkj t Pn+1Yko = Yko , k=12 .q

n

Z ((1 — 0i,5)p; + Gizj}\j)xviyzj + ((1 ~ i, (n+1))Pns1 + Giz(n+1)7\n+1) Mizo < Wizo  j, €,
=1

n

Z]’:l 7\J'Zd]' + Ant+1Zdo = PZgo ’ d=1,2,....D
n

Zj:l PjYr + pn+1Bro = (PBro ’ r=1,2...S

pj A =20 , j=1,...,n+l
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Now, if the following condition is held for the optimal solution of models (9) and (11), then the
efficiency score will be improved:

@(o, Mo Yor Bo) < @(Xo, Xo, X, Yo)
The model below is used to determine the input surplus:

Maximize (6;,0,i1 € I1; Vi,0,i2 € Iz; Tk k=1,...,q)

suject tg (22)
Z}.ﬂ PiZaj = Zdo ‘ d=12...D
le Aixij < (@i,0 — 6i50) ) i el
27;1 PiXkj < Vko — Tko) ) k=12..q
le((l — 0, )Pj + 01,4 %i,; < (Hiyo = Vigo) ) L el
Z; Aizaj 2 (1= 35 PsZa0 / d=1,2,...,D
D o = (= ik , 1 s
pj,/ljZO, , j=1,2,...,n
8,020,020, T4 20 , k=12,..,q;

el i, el

Note that if (&5, vg, To, A%, p*) is a Pareto solution for (12), then the amount of input surplus for

the if” input is obtained from a;,, — &; .

Regarding the output estimation problem with the condition of efficiency improvement, the
following theorems are stated and proved:

Theorem 4. If (A%, B5, p*) is a Pareto solution of model (10) and the output of DMU, increase
fromY, to B, then the efficiency score of new DMU will be improved compared with DMU,. It means

that:
@ (o, Ho» Yor Bo) < @ (Xo, Xo, X6, Yo)

Proof: Suppose that (A%, B, p*) is a Pareto solution and (1 — l)(p’g is the objective value of the

100
model (10). By putting this solution in the model, the following relations are yielded:
n
Z }\;Xilj < ailo ) il € 11
j=1
and
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n
* n * D * _
ijYer(l_m)(PoBro ) r=12,...,S
]=

. NNk .
Since (1 10())(p0 > 1, we have:

n
* T] * * *
Z Pj Yrj 2(1_100)@0[31“02[31“0 ) r=12,...,S
]:

So, the following inequality is satisfied:
n

zp}‘yerB?o ) r=1,2,...,S
j=1

We already know Xj o < Qi 0, Bro = Vro; (i1 €1; & T=1,2,...,5)
Now, we define:

Pt T R =0 j=n+1

and
- = _ _ [_)j=p]7k jFn+1
p=(Pv- Pn+1) {5n+1=0 i=n+1

Hence, (7_\, ﬁ) and the objective value(1 — ;‘E)(pg are the feasible solution for the model (11),
then:

* n * *
P10 = (1 — W)‘Po < @

It means that @ (0, Ho, Yo, Bl) < ©(X,, Xo, X4, Yo). So, the statement is proved. B
Theorem 5. If (A%, B5, p*) is a Pareto solution for the model (10), then the constraints below are

binding i.e.:

n

* N * Q* _
zlijFj:(l_m)(PoBro ) r=12,...,S
]=

Proof: Based on the absurdum, we assume that there is an index (l) for which the last constraint is
not binding, i.e.:

n
. L
2 Pivy > (1 = 755)PoPlo

j
Now we consider positive and non-zero number (q), such that satisfies the following inequality:
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n

* n * *
P (1 = 19p)PoBio

0<q< i
(1 - 10p)®5
n
- (L =5 5 < > pyyiy — (1 = —35) b; B,
100 °—_1JJ 100° "o Flo
]=
n n
- (A=) 3B < ) oy
J:
We define:
B _ {q + Blo r=1
o =B, r#l

It can be easily seen that (1%, B, p*) is a feasible solution for the model (10) in which B, > Bi,.
This contradicts point (A", B5, p*) being Pareto efficient. Therefore, the absurdum is rejected which
means that all mentioned constraints are binding. 3

Theorem 6. Let (A, B, p) is a feasible solution for the model (10), such that:
@ (o, Los Yor Bo) < ©(Xo, Xo, X0, Yo)

Then, (%, Bo, p) is a weak Pareto solution of the model (10).
Proof: Suppose that (7_\, BO, F_)) is not a weak Pareto solution for the model (10), then there is
another feasible solution (7\, Bo, ()) such that:

vr B ro >Br0

Since (7\, Bo, f)) is a feasible solution for the model (10), then in terms of the 6™ constraint of the
model and the absurdum we have:

n
~ N 5 N “5
I Y L I e L D
j=1

So, there exist k>1 such that:

n
e ) B > (L kesBr
]:
We define:
~ ~ ~ X =2 j£n+1
A=Ay, Apgr) = {A] ] .
Ay1=0 j=n+1
and
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and
6\(o = U, ﬁo = U—o:?o =Yo'k<P3 = (T)o: BO = _0

Hence, (7\, Bo, P, k(pg) is a feasible solution for the model (11). Then, the objective value for this
possible solution is kgg. Based on the assumption, we should have kg < @5 which resultsin k < 1.
This contradicts the primary assumption for (k). Therefore, the absurdum is rejected, and the
statement is proved. 0

Theorem 7. Let DMUj is efficient and (A, B, p) is a weakly efficient solution of the model (10),
then:

@ (o, Ho» Yo Bo) < @ (Xo, Xo, Xb, Yo)

Proof: Since DMUj, is efficient, then @ = 1. We need to illustrate ¢y, < ¢j to achieve the goal,

|etB0:GO, 7\:7\! XN+1:0J ‘_):ﬁ' 6N+1:0'
Then, we have:

n
vVr Z PjVrj = (P*N+1Bro > Bro = (Pf)Bro
=1
Based on the absurdum, suppose that ¢y, > ¢g. Since @y = 1, we have dy,q > 1.
Hence:

n
Vr 5erj = (P*N+1Bro > Bro = (PgBro
o

j
For k > 0, define:

Bro = Bro +kr=1,..,S
So, (7\, Bo, f)) is a feasible solution for the model (10). But, according to the above definition
Bro >Bro; r=1,...,S O
This contradicts point (7\, [_30, 5) being a weakly Pareto solution. Hence, the proposition is proved.

4.2. Input Estimation

Two cases are addressed to study the input estimation problem: the first considers the input
estimation by improving the efficiency, and the second deals with the input estimation by increasing
the shared inputs and maintaining the efficiency. Now, we discuss the first case, i.e., The input
estimation with efficiency improvement. In the two-stage DEA structure shown in Figure 1, suppose
that outputs of the DMU, change from Y, to (3, such that B, =Y, + AY, and AY, = 0, AY, # 0. In
the following, the input vector (a,, Uy, Yo) is estimated so that the efficiency of DMU, is improved

by (1+ ) %.

100
Hence, for the input vector, we have:
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(aor Mo, YO) = (ailor i1 € 11; IJ-iZOI i2 € IZ; Ykolk = 1' AR q) = (XO' X:J' Xé)) + (AXO, AX:), AX:))

in which (AX,, AX,, AX() = 0. For the next step, following MOLP is considered to approximate
the input vector:

Minimize (a;,0; i1 € 11, Miyo; i2 € Iz, Ykos K=1,...,0Q)

subject to (23)
n
N o
Z,-=1 Pizaj < (1 + ) 85240 : d=1,2,...,D
n
N o
ijl Axi < (14 m) 05,0 ’ i, €L,
n
I n *
Z]_=1 PiXig < (1 + 75) B6Yko ' k=1,2,...,q
n
" n *
zj:l((l — 03,))Pj + 0i,jA)X;,; < (1 + E) BoMi0 ’ i, €1,
n
Z]_=1 AizZgj = Zgo : d=1,2,...,D
n
Z_ 1ijerBro ’ I‘=1,2,...,S
]=
i, 0 = Xj,0 , il € Il
YkO 2 XII(O ’ k:1,2, rq
Mo = Xio ) i €l
i, A =0 , j=1,2,...,n
100(1-65%)

Note that in the model (12),0 < o0;,; <1,(j=1,...,n; i €l; )and0 <7 < — It can

be seen here that if 1 = 0, then the performance level of unit under evaluation will be unchanged

_e* . . . .
—100(61* °), then the unit will be efficient. Note that
o

A, Py Xiyor Miyor Yio); G=1,...,n, iy € Iy, i € I, k=1,...,q) is the vector of variables.
Furthermore, 83 which was the optimal value of the model (8) improved by n% , and 3,, are constant

values.
Assume that new DMU,, after altering its input and output levels is shown as DMU,,,4. Then, the

following model taken from the model (8) is applied to evaluate the efficiency of DMU,,4:

with respect to the other units. Besides, if n =

0,41 = Minimize 0
Subject to (14)

n d=1,...,D
z. L PjZdj + Pn+1Zdo < eZdo ’
]:

n i; €1

1 1

z_ AjXiyj + A1 0 < 004 o )
J=1

n ) k=1,...,
Z_ PiXkj + Pn+1Yko = OYko ’ 4

=1
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n

z ((1 — 0y,)p; + Gizj7\j) Xij + ((1 — Oi,(n+1))Pn+1 + 012(n+1)7\n+1) Hiso < OHi,0 i, €L,
j=1 N
Z]_=1 )\jzdj + )\n+1zdo = Zdo ’ d= 1, - D
n
. . + 2 ’
Zj:l Pj¥ri Pn+1Bro = Bro r=1,...,S
Py A = 0 , j=1,...,n+1

Now, consider the models (8) and (14). If in optimality, we have:

e(aO’ I'I'O’ YO’ BO) 2 e(XO' X:)’ XIO' YO)

then, the efficiency score is improved. O
in the following the input estimation by increasing the shared inputs and maintaining the efficiency

is discussed:
As shown in Figure 1, there are three different types of inputs. Now, in two-stage inverse DEA we

aim to answer the following question: If the shared inputs of the first and second stages (x'ilzo) and

the inputs of the second stage (xy,) as well as the outputs (y,,) increase simultaneously, then how
much should increase the input of the first stage (x;,,) such that the efficiency score of DMU, does

not change?
Let outputs of DMU, change from Y, to 3, such that B, = Y, + AY, and AY, > 0, AY, # 0. Also,

let the input vector (X,, X,) changes to (l1,, Y,) such that:
(Ko Yo) = (Xo» Xo) + (8Xo, AXp) ; ((AX,, AX) 2 0 & (AX,, AXp) # 0)

Therefore, estimating input vector (a,) is aimed such that efficiency score of DMU, i.e., 6,
remains unchanged where:

A = (i, iy € 1) =X + 48Xy ; AXy 2 0

If DMU,,,4 is supposed to be the new unit after changing inputs, and outputs of DMU,, then model
(14) is applied to assess the performance of DMU,, 4. It is clear that if the optimal value of the models
(8) and (14) is the same, then the value of the efficiency is constant, i.e.:

8(ao, Ho» Yor Bo) = 8(Xo, X:)' X6, Yo)
Now, the following MOLP is provided to approximate the input vector:

Minimize (a;,0; i1 € 1;)
subject to (15)

n
Z, PiZdj < BoZdo / d=1,2,...,D

j=1
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n
A < B0 , .
Z]_=1 iXisj o%i;0 i el
n
Z,.zl PiXig = BoVko ’ k=1,2..,q
n
— 6 o )X < OF L
D (=000 + 0, 0%, < O , el
n
Aza = ,
Zi=1 jdi = Edo d=1,2,...,D
n
o>
z1'=1 P = Bro ’ r=1,2...,S
ailo 2 Xi]_O ’ .
ipb €L
p] , 7\] = 0 ,
j=1,2,...,n

Note that 8, as the optimal value of the model (8), and given vectors Yo, Wi,o & Bro are
constant. Furthermore, (A, p;, 4,0 ) is the vector of variables,and 0 < 0;,; <1; j=1,...,n; i €
[, ) are as mentioned before.

4.3. Window DEA

As stated in section 3.3, Figure 1 shows the production process used in the model proposed by
Jian Feng [5]. Suppose that measuring the performance trend of the DMU under evaluation among a
set of DMUs at a specific point in time is aimed such that data are also functions of time. In this case,
observing the performance of the DMU under evaluation at the point in time may have a large error
in the actual performance. To address this issue, it is recommended that the data be collected and
analyzed at different periods when there is a possibility of its change. As illustrated in Figure 2, the
aforementioned production process can occur in several periods. This problem is dealt with as window
DEA in which it is no longer possible to use the traditional DEA models (Jahanshahloo et al., [37] ,and
Emrouznejad and Thanassoulis [38]). Therefore, the inverse two-stage DEA problem should be
examined from the window DEA perspective.

o — v %

—> T+1 L yIt!

7 ——pl T e

Fig. 2. Multi-period production cycle of DMU, without internal temporal dependencies

For this purpose, assume that the aim is to assess the performance of the number of DMUs given
in an arbitrary time interval (performance window). Since this interval was arbitrarily chosen, without
the loss of generality, we can consider the evaluation windowast=1t+1,..., T+ T. It is imperative
to acknowledge that the activity of a decision-maker persists both prior to and subsequent to the
arbitrary time interval in which the arbitrary choice is proposed. According to Figure 1, as mentioned
earlier, for each DMU in each period, there are three types of inputs (primary inputs, added inputs,
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and common inputs) and two outputs (middle and final outputs) in which primary and common inputs
are shown as x; j; (i; € I;)and X"izj; (i, € I,) respectivelyandl; U I, ={1,....m} & [, n [, = Q.

Furthermore, added inputs are shown as X'kj; (k=1,...,q). Moreover, assume that each DMU]-;
(=1,...,n),contains D outputs of the first stage as zqj; (d=1,...,D)and S ultimate outputs
as yy; (r=1,...,S) from the second phase.

Furthermore, note that part of zg;; (d = 1,..., D) as the middle outputs are considered input for
the second stage, and the rest have entered the market as the final output. The share of intermediate
outputs and the share of final outputs are denoted by 64;zq; and (1 — 84;) zq;, respectively so that
0 <8y <1

Suppose that Xt=T+1“wT+T

i1
and ZEET“' - T+T express intermediate outputs of each stage where T+ 1 and T + T are considered

is a general representation of the initial inputs of each period

as initial and final periods in T™ evaluation window, respectively. In the production process shown in
Figure 2 as the internal structure of Figure 1, it is important to note that the efficiency of a DMU is
expressed as the average of the periodic efficiencies in a specified period.

To estimate the relative efficiency in the production procedure in Figure 1, the following input-
oriented model is proposed which derived from model (8) and the model presented by Jahanshahloo

etal,, [37]:
t=1t+T

et
0, = Minimize %
subject to (16)
zn Lt 4§t = gzt d=12 ..,D;
j=1 PiZdj T 0d = ¥'Zdo ! t=1t+1,...,t+T
n .
t t _ t,t 11 EIl;
Z,-=1 Ay + i, = i ’ t=t+1,...,t+T
" k=12,...,q;
"t Nt __ t Nt )y &y ] ’
Z,-=1 POk + 5k = 80Dk ’ t=t+1,...,T+T
Y "t "t "\t iz €1z;
((1 = 03,)pj + 0i,A) X iy + ()i, = 8' (X )i0 ) t=1t+1,...,t+T
j=1
" d=1,2,...,D;
}\_ t_ t — t , ) &y » Y
zj=1 iZdj T Ya = Zdo t=t+1,...,t+T
n
b nt — ot I‘=1,2, ...,S;
Zj:l p]Yr]+(Y)r Yro , t=t+1..1t+T
at<1 ) t=t+1,...,t+T
P, 220 , j=1,2,...,n
8 20; sf =0; (sDg =0; (s)r >0; y5=0 ) d=1,2 ..,D; i; €ly;
2
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YDr =0 , k=12, ..,qiy €L,

r=12, ..,S;
t=t+1,...,t+T

In above model, 8%, st si, (s’ )i, (s )12, Y5& (YO are all auxiliary variables. Now, suppose the
evaluation path for DMUj; (j = 1,..., n) is as follows:

(th+1, ...,‘E+T’ (X");+1' e T+T’ (X,)iHL vy T+T’ ]?[+1, vy T+T’ Z]_T+1, . ‘[+T)
Emrouznejad and Thanassoulis (2005) [38] referred to the evaluation path for DMU, in a multi-
period system if any of the following conditions are satisfied:
i.  Thereis currently no evaluation path or combination of assessment paths that, when
utilizing the DMU,-path, yields a higher output in at least one of the evaluation periods
without compromising the outputs in certain periods or necessitating an additional input
in at least one of the stages.

ii.  There are no evaluation pathways or combinations of assessment paths that, when
followed via the DMU,-path, lead to more significant outcomes with less input within a
specified evaluation time. This is not possible without increasing the number of entries in
other periods or the ability to generate more outputs at any stage.

The following definition is proposed by Emrouznejad and Thanassoulis [38]:
Definition 4. The evaluation path for the DMU, is efficient if the following relationships satisfy
optimality:

! * NN * ! *
65 =1, (8" =0, (s5) =0, (N =0, ((s);) =0, G =0, (V" =
vd=12..D,j €l,,k=12,...,qr=1,2,...,S, i, €, &t=1t+1,...,T+T).

5. Numerical Example
Table 1 contains twenty-five DMUs, Including information of Iranian bank branches. First, we
describe some definitions regarding the expressions given in the case study:

i. Interests paid: The amount of interest that the bank pays to customers' long-term
accounts. Obviously, the higher this number is, the lower the performance of bank.

ii.  Personnel score: The score is calculated by combining and adjusting the weighted values
of many parameters, including the number of people, executive positions, work
experience, compensation, and training hours of staff.

iii.  Received Claims: When the bank provides banking facilities to the customers, and the
customer is not able to pay his installments at the specified time, in this case, the
customer's debt to the bank for the facilities is called the bank's claims. Thus, the amount
of collection of these claims by the bank in a period of time is called received claims.

iv.  Loan: The amount of money that the bank provides to the customers and the customers
repay the mentioned facilities along with the interest based on the type of contract.

v.  Profit received: The amount of interest that the bank receives from customers for
providing facilities.

As shown in Figure 3, each of these DMUs has three groups of inputs, including inputs of the first

stage (Interests paid) X, shared inputs (Personnel score) X', inputs of the second stage (Received
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Claims) X', intermediate products (Loan) Z, outputs (Profit received) Y. Furthermore, the last column
denotes the efficiency score obtained from model (2).

________.
y
(O]
—+
Q)
oQ
D
N
v

Fig. 3. A Two-stage Network of Iranian bank branches

Following the region's needs, the management of the Bank Branch Office wants to expand the
sixth branch and improve its efficiency, so estimating the required output is aimed.

Table 1
Twenty-five DMUs, Including information of Iranian bank branches

DMU, X X' X' v/ Y e

DMU, 2805177638 11994821504 3.84 64212392856 2791562738 1.47996739
DMU, 3594467903 110059103 5.35 77880596974 4233879876 1.09059259
DMU;, 3544897361 3361995150 9.81 92496206596 6950574909 1.69146388
DMU, 1637026869 17200888 4.82 10229324293 621536914 1.65522112
DMU;g 1141193835 230962380 6.68 18044217945 1210386464 4.08135735
DMUg¢ 1298058057 298605509 4.97 6216822256 640204744 6.39624619
DMU, 1655720390 2517935136 10.97 6723276986 809282030 5.47213389
DMUg 3269705080 783841829 7.34 50514419171 4442615481 2.28613285
DMU, 1879114081 96797863 5.57 21579730074 1550192752 2.3926002
DMU,, 1057686290 20084929 6.54 14053333853 1314742636 1

DMU,; 1440411328 157240192 1.56 29119166915 1585159187 1.1724436
DMU,, 2973130019 106858226 4.53 90504304878 4522740900 1

DMU,; 3828801690 304483790 7.14 14000129445 9221629290 1

DMU,, 1641873024 31582000 6.55 21135376814 1499295285 1.34433106
DMU,5 1133793983 1217039129 3.85 51746989236 2233950758 1.15939884
DMU;4 877247942 85475000 5.23 29495575267 2236306947 1.48333974
DMU,, 4839219824 7716168688 4.87 13798127749 9068971211 1.00216157
DMU,g 3188240311 1708846082 12.93 44417322288 3039268874 3.82456206
DMU, o 6775382776 985942000 7.2 47467684724 2080344159 3.66549764
DMU,, 472101054 708507168 11.17 57863179290 1775227490 1

DMU,, 3083576526 2661711908 5.83 60957146147 3746829194 1.84735109
DMU,, 3301629838 5721986246 6.52 28131631731 2077376915 4.32897853
DMU,, 1830532119 2653205624 3.86 18056815228 1315620133 3.85960441
DMU,, 7686691834 8492311825 7.61 68523607568 5835683004 2.2093554
DMU,; 1933947316 238079274 9.89 13600845684 933400866 7.87795739

Table 2 compares results obtained from our inverse two-stage models and classic inverse DEA
models, which perform as black box for DMUs. Suppose that inputs of DMUs, i.e.,
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(129805857, 2986.5509, 4.97) increased to (1408058057, 3586.5509, 7.07) such that the primary
efficiency score improved by 30%. In other words, inputs x,, X, and x; were multiplied by 1.085, 1.2,
and 1.423, respectively. If the classic inverse DEA model with a black box structure is applied, then the
new output is estimated as ¢ = 12215730959, which is almost 19.081 times the initial value of Y.
If our proposed inverse two-stage model (10) is applied for estimating the outputs, then
Be = 914578000 which is almost 1.43 times of Y; . It states that our model can be considered efficient
to deal with the inverse two-stage problem with common inputs and intermediate products. Because,
in many cases, due to the existing limitations on available resources, decision makers cannot increase
the outputs 19 times to achieve the desired efficiency. But, by applying our presented model, we only
need to increase the Y 1.43 times that is a reasonable amount.

Furthermore, by applying model (16), a window DEA problem with t=1,2 was solved for assessing
DMUe. Then, we have B4 = 690478000, B, s = 970521000 in which B{ ¢ and f3; ¢ are the amount
of output increase for DMUsgin periods t=1 and t=2, respectively.

Table 2
Comparison between classic, inverse, and window two-stage models for DMUg
Models (a6, He» Y6) Be Multiples of Y
Classic model (3) (1408058057, 358605509, 7.07) 12215730959 19.08
Proposed model (10) (1408058057, 358605509, 7.07) 2134015813 1.43
Proposed window t=1 (1408058057, 358605509, 7.07) 690478000 Profjggl"(vlig‘)mw
model (16) t=2 (1408058057, 358605509, 7.07) 970521000

The results illustrate that the static model and the model presented by Jian Feng are not able to
give details about what would happen in each stage. It means that, if the process in Figure 1 is
repeated for a period of time, the model provided by Jian Feng and static model are not applicable for
solving the problem. For example, if we want to assess the performance of a bank for 5 years, the
mentioned models are not capable of dealing with the performance of the bank within a model, but
by applying the model (16) and considering t=1, 2, ..., 5 the decision maker can study the two-stage
process within 5 years.

6. Conclusions

An efficient manager should comprehensively understand resource allocation and product supply,
drawing upon scientific support. In fact, the decision-maker need to provide appropriate models to
efficiently distribute resources and control the product supply for several DMUs in accordance with
preset parameters. DEA is widely recognized as a precious approach in this context. However, classic
DEA models typically treat the initial inputs to generate the outputs as a singular process, wherein the
DMU is seen as a "black box". Consequently, the DMU's internal structure and the production
process's middle stages are often disregarded. Therefore, there is no information on which part of a
DMU is the cause or source of inefficiency. In contrast, DMUs are represented as systems with two
subunits in the two-stage DEA models. Intermediate products are regarded as second stage subunit
inputs. Consequently, a two-stage DEA model allows for examining the internal structure of a DMU
and its processes. Thus, while emphasizing two issues mentioned above, this paper used the
envelopment form of the two-stage models proposed by Jian Feng [5] in the inverse DEA problem for
the first time and considered the intermediate productions and input structure simultaneously to
provide appropriate tool for analyzing input/output estimation problems. The following issues were
also addressed:
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e Our presented models discussed estimating all or part of the inputs to improve efficiency,
which will help managers, decision-makers, and investors make an expert system.
e The proposed model to estimate the final output to achieve a specified level of efficiency of
the stages has the following properties:
o After estimating the output, the efficiency is not worse than the efficiency with the
previous coordinates.
o The necessary and sufficient conditions for estimating outputs were proved.
e Due to the repetitive processes in some two-stage systems, the presented models were also
examined from the viewpoint of window DEA.

The following issues can be mentioned for future research:

e In a network structure, when we have an undesirable final output that is a function of the
desirable outputs, how should the output estimation problem be addressed?

e [f there is a window network structure that is considered over a period of time, then how the
outputs are estimated while the output at the last period is a function of all the inputs from
the previous periods?

e The article examined the effect of increasing inputs (excluding the values of intermediate
products used as inputs in the subsequent stage) on the output level in the second stage.
Subsequent studies might examine the impact of augmenting these inputs on the
augmentation of intermediate productions and the consequent rise in final outputs.Since the
rate of increase in outputs to achieve a certain level of performance must occur in the future,
it is reasonable to treat the number of inputs, and outputs of the unit under evaluation and
other units as values of a random variable. Thus, suggesting suitable models for random inputs
and outputs appears more valuable than those for specific ones.

e Considering the potential effect of altering primary input on intermediate products, it is
recommended to incorporate intermediate products as variables in the output estimation
model. The optimal solution can be determined by solving the corresponding nonlinear
programming problem.
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